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1 Introduction

Generalized method of moments (GMM) is one of the most widely used statistical methods
for the analysis of economic data and financial data (Hall, 2005). In time-series data, with an
unknown form of dependence, an important initial contribution is made by Newey and West
(1987) to implement the feasible two-step effi cient estimation of GMM proposed by Hansen
(1982). The key step for the effi cient GMM with over-identification procedure is an estimation of
the optimal weighting matrix, which is referred to as the long-run variance (LRV) of the moment
conditions. Newey and West (1987) and Andrews (1994) propose LRV using the nonparametric
kernel method.

However, it is well known that the two-step GMM procedure shows poor performance in a
finite sample context. See, for example, the special issue in the Journal of Business & Economic
Statistics (Christiano, 1996). Making an accurate inference of the GMM estimator in the time
series setting becomes more challenging due to the considerable estimation uncertainty embodied
in the nonparametric LRV estimator. The standard first-order normal approximation completely
ignores the estimation uncertainty in LRV and does not reflect the finite sample situations prop-
erly. Phillips (2005) proposes a new type of LRV estimators using orthonormal series basis func-
tions. Müller (2007) and Sun (2011, 2013) develop its more accurate first-order approximation,
so called fixed-smoothing asymptotics, and show its superior finite-sample performances.

In the two-step GMM with over-identification, Sun (2014) and Hwang and Sun (2017) de-
velop fixed-smoothing asymptotics and improve performance relative to the normal approxima-
tion. To be specific, Hwang and Sun (2017) propose a modification to the conventional GMM
Wald test statistics, a function of the original test statistic and the usual J statistic for testing
over-identificaitons. The modification leads to more accurate standard F and t-tests than the
conventional GMM Wald testing with chi-square and normal critical values. A recent work by
Hwang and Valdés (2022a) provide further finite-sample improvement by correcting the bias of
the two-step GMM variance estimator.

The literature, however, show the finite-sample improvements using the fixed-smoothing as-
ymptotics by Monte-Carlo simulations. To the best of our knowledge, there is no work in time-
series GMM that rigorously prove the higher-order accuracy of the fixed-smoothing asymptotics
that achieve more accurate finite sample null rejection in a precise technical sense. In this paper,
we fill the technical gap in the literature and develop a higher-oder expansion of t-statistic of
the two-step GMM. In addition to the higher-order expansion, we provide an optimal choice of
smoothing parameters which directly focuses on heteroskedasticity autocorrelation robust (HAR)
inferential problem in an over-identified GMM setting.

The higher-order properties of GMM estimator has been an active research area in econo-
metrics. Hansen, Heaton, and Yaron (1996) first suggest continuously updating (CU) GMM to
improve finite-sample performance of the two-step GMM. Its generalization to generalized em-
pirical likelihood (GEL) method has been done in Smith (1997), Imbens, Spady, and Johnson
(1998), Kitamura and Stutzer (1997), and Newey and Smith (2004). Importantly, Newey and
Smith (2004) and Anatolyev (2005) prove improved higher-order bias and variance properties of
GEL estimators in i.i.d setting and time-series setting, respectively. Still, the poor finite-sample
performances of GEL remain issues, as pointed by extensive numerical work in Guggenberger
and Hahn (2005) and Guggenberger (2008). Moreover, the results in Newey and Smith (2004)
and Anatolyev (2005) do not lead to key inferential properties of GMM estimators, as they do
not consider a higher-order expansion of finite sample null rejection probability of t-statistic.

In the context of bootstrapping GMM, Hall and Horowitz (1996) first prove the higher-order
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property of GMM inference via an Edgeworth expansion of the t-statistic, but they assume a
less general finite dependence structure in time series. Inoue and Shintani (2005) relaxes a fi-
nite dependence structure in Hall and Horowitz (1996), but the proposed moving-block bootstrap
method requires an additional choice of block length in practice. Sun and Phillips (2009) also pro-
vide an Edgeworth expansion in time-series GMM regression, but their approach is not applicable
to the HAR inference with the OS-LRV considered in our paper.

Recently, a new type of inferential methods in time-series, so called HAR inference, develop the
alternative first-order fixed-smoothing asymptotics (Phillips,2005; Müller, 2007; Sun et al.,2008).
See also Lazarus et al. (2018) for its practical implementation. Sun et al. (2008), Sun (2011, 2013,
2014), and Zhang and Shao (2013) rigorously prove the higher-order accuracy of the alternative
fixed-smoothing asymptotics in HAR inference. All of these papers, however, focus on the one-
step GMM estimator, or exactly identified GMM model.

In this paper, we develop a higher-order expansion of the t-statistic considering the two-
step GMM estimation in HAR inference. Technically, it is more challenging to account for the
estimation uncertainty of the optimal weighting matrix in the two-step GMM framework. To
derive the higher-order expansion, we follow a technique developed in a recent work by Hwang
and Valdes (2022b). The analysis first decomposes the original t-statistic into an infeasible t-
statistic and other error terms that do not involve the non-parametric estimation of the optimal
weighting matrix. We then transform the higher-order approximation of the infeasible t-statistic
into an inference in Gaussian over-identified location model. In the over-identified location model,
we introduce a novel GLS-two-step t-statistic and show its asymptotic equivalence to the infeasible
t-statistic. Using these findings, we are able to expand the finite-sample CDF of the original t-
statistic around CDF of the chi-square distribution with one degree of freedom and characterize
the leading higher-order terms.

Based on the higher-order expansion, we provide an optimal choice of smoothing parameters
for HAR inference which directly focuses on the inferential problem in the over-identified GMM
problem. Our formula generalizes what is previously suggested in Sun (2013) for the exact
identified GMM, as it converges to the formula in Sun (2013) when there is no over-identification.

This paper generalizes a higher-order expansion in HAR inference pioneered in Sun, Phillips,
and Jin (2008) and Sun (2011, 2013) to the over-identified two-step GMM framework. Our
theoretical results show that the fixed-smoothing asymptotics in two-step GMM provides a higher-
order refinement of the conventional GMM t-test using standard normal critical value. Our result
also provides a new formula of optimal smoothing parameter in HAR inference in GMM, which
directly focuses on inferential problems.

The rest of the paper is organized as follows. Section 2 describes a general two-step GMM in
a time-series setting and derives its asymptotic property. Section ?? establishes a higher-order
expansion for the test statistics in Gaussian overidentified location model. Section 4 consider
selecting K to minimize the coverage probability error on the basis of this expansion in previous
sections. Section 5 presents Monte Carlo simulation results, and Section 6 concludes. Proofs are
presented in the Appendix.

2 Asymptotic F and t tests in Over-identified System

This paper considers the following over-identified GMM model in time-series and HAR inference,
e.g., Sun (2014), Hwang and Sun (2017), and Hwang and Valdés (2020). We want to estimate
a d × 1 vector of parameter θ ∈ Θ using a vector of observation wt ∈ Rdw at time t. The true
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parameter θ0 is assumed to be an interior point of Θ. The moment condition is given as

Ef(wt, θ) = 0 iff θ = θ0,

where f(wt, θ) is an m × 1 vector of moment process which is linear in parameter vector θ.
Leading example is a linear IV regression model in time series with f(wt, θ) = zt(yt−x′tθ), where
wt = (yt, x

′
t, z
′
t)
′ ∈ Rdy+dx+dz consists of the observed data, e.g., Inoue and Shintani (2006) and

Sun and Phillips (2009). With the true parameter θ = θ0, the process f(wt, θ0) is stationary
with zero mean. We allow f(wt, θ0) to have general autocorrelation of unknown forms and satisfy∑∞

j=−∞ ‖Ef(wt, θ0)f(wt−j , θ0)′‖ < ∞ and some mixing conditions for the time-series CLT as
follows

1√
T

T∑
t=1

f(wt, θ0)
d→ N(0,Σ), (1)

where N(0,Σ) is am-dimensional normal random vector. Them×m matrix Σ = ΛΛ′ is a positive
definite long-run variance (LRV) of the moment process f(wt, θ0), i.e. Σ =

∑∞
j=−∞Ef(wt, θ0)f(wt−j , θ0).

Also, we assume that q = m− d > 0, and the full rank of G = G(θ0) = E[∂f(wt, θ0)/∂θ′]. Thus,
the model is overidentified with a degree of over-identificaion q. Let fT (θ) = T−1

∑T
s=1 f(ws, θ)

and define a one-step GMM estimator as

θ̂1 = arg min
θ∈Θ

fT (θ)′W−1
T fT (θ),

whereWT is an initial weight matrix. Using this one-step estimator, the feasible effi cient two-step
GMM estimator in Hansen(1982) is defined as

θ̂2 = arg min
θ∈Θ

fT (θ)′
[
ΣT (θ̂1)

]−1
fT (θ),

where

ΣT (θ̂1) =
1

K

K∑
j=1

(
1√
T

T∑
t=1

φj(
t

T
)f(wt, θ)

)(
1√
T

T∑
s=1

φj(
s

T
)f(ws, θ)

)′
,

and
{
φj (r)

}K
j=1

are orthonormal basis functions on L2[0, 1] satisfying
∫ 1

0 φj (r) dr = 0. We para-
metrize the number of series terms, K, in such a way that it indicates the level of smoothing
for both types of LRV estimators. By construction, ΣT (θ̂1) is a quadratic heteroskedasticity
autocorrelation robust (HAR) estimator for the LRV Ω. It is important to note that ΣT (θ̂1)
is a “centered”version of the LRV estimator, as it is based on the estimation of the demeaned
moment process f(wt, θ̂1)−fT (θ̂1). Under the conventional asymptotic theory, Hall (2000) shows
that the demeaning procedure can potentially improve the power performance of the J-test using
the HAR estimator. Also, this demeaned procedure plays an important role in fixed smoothing
asymptotics as the random matrix limit of ΣT (θ0) is independent of the limiting distribution of√
TfT (θ0) which is a normal distribution.
With d = 1, we define the following GMM t statistic for testing H0 : θ = θ0:

TT := TT (θ̂2; θ̂1) =

√
T (θ̂2 − θ0)√

[G′T (θ̂1)Σ−1
T (θ̂1)GT (θ̂1)]−1

,
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and consider the following modified t and Wald statistics (Hwang and Sun (2017), Hwang and
Valdés (2022a)):

T̃T := T̃T (θ̂2; θ̂1) =

√
K − q
K

· TT√
1 + 1

K JT (θ̂2; θ̂1)
,

where JT (θ̂2; θ̂1) = TfT (θ̂2)′Σ−1
T (θ̂1)fT (θ̂2) is the standard J statistic for testing the over-identifying

restrictions. Similarly, the Wald test-statistics, FT and F̃T , for the case of multiple testing para-
meters, i.e., d ≥ 2, are defined as

F̃T := F̃T (θ̂2; θ̂1) =

(
K − q
K

)
· FT

1 + 1
K JT (θ̂2; θ̂1)

,

where FT (θ̂2; θ̂1) = T (θ̂2 − θ0)′[G′T (θ̂1)Σ−1
T (θ̂1)GT (θ̂1)]−1(θ̂2 − θ0).

For a fixed K as T →∞, Hwang and Sun (2017) show that

T̃T
d→ TK−q and F̃T

d→ FK−d−q−1

The first contribution of this paper is to develop a higher-order expansion of the finite-sample
probability of the GMM t-statistics

P (T̃T (θ̂2; θ̂1) ≤ z),

as T → ∞ such that K/T → 0. The main object is the two-step GMM t-statistic, T̃T (θ̂2; θ̂1),
that depends on both first-step and two-step estimators with non-linear interactions, espe-
cially through Σ−1

T (θ̂1). It is technically challenging to obtain a valid Edgeworth expansion for
T̃T (θ̂2; θ̂1). Sun and Phillips (2009) prove the same object with a linear IV-regression setting
with kernel-LRV estimator for ΣT (θ̂1). Sun (2013, 2014) develops the higher-order expansion of
general GMM model, but they are only applicable to the first-step GMM estimator θ̂1.To con-
front these technical challenges and develop a high order expansion in the over-identified GMM
setting, we begin by the following stochastic approximation in Lemma 1. We first introduce some
high level assumptions.

Assumption 1 θ̂1 = θ0 + Op(T
−1/2) and GT (θ̂1) = G + Op(T

−1/2), where the terms of order
Op(T

−1/2) does not depend on K.

Assumption 2 As K →∞ and T →∞ such that K/T → 0, we have that

ΣT (θ0) = Σ +Op

(
K2

T 2
+

1√
K

)
; (2)

ΥT (θ0) + Υ′T (θ0) = Υ + Υ′ +Op

(
K2

T 2
+

1√
K

)
, (3)

where Σ is positive definite, and

ΥT (θ) =
1

K

K∑
j=1

(
1√
T

T∑
t=1

φj

(
t

T

)
∂f(wt, θ)

∂θ

)(
1√
T

T∑
s=1

φj

( s
T

)
f(ws, θ)

)′
.
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Assumption 1 is made for convenience, and primitive suffi cient conditions are available from
any standard GMM asymptotic theory in time series, e.g. Hall (2005) and Sun (2013, 2014).
One of the key requirements for the first condition is that the initial GMM weight matrix WT do
not depend on the unknown parameter value θ0 and it converges to W with parametric rate of
convergence of order Op(T−1/2). Assumption 2 is made for convenience, and suffi cient conditions
for (2) and (3) can be referred to HAR literature, as in Phillips (2005) and Sun (2013). They
study the asymptotic results for the OS-LRV estimator assuming large K →∞ and T →∞ such
that K/T → 0.

Lemma 1 Under Assumptions (1)—(2), we have that

TT (θ̂2; θ̂1) = TT (θ0) + ψT + ψ∗T ,

where

TT (θ0) = −
[
G′Σ−1

T (θ0)G
]−1

G′Σ−1
T (θ0)

√
TfT (θ0)√

[G′Σ−1
T (θ0)G]−1

;

ψT = Op

(
1√
T

)
;

ψ∗T = Op

(
1√
T

(
1√
K

+
K2

T 2
+

1√
T

))
,

and ψT does not depend on K.

Assumption 3 We have that P (|ψT | > (log T )/
√
T ) = O(1/

√
T ) and P (|ψ∗T | > δT / log T ) =

o(δT ) for δT = 1/K + (K/T )2.

Lemma 2 Under Assumptions 1—3, and if K →∞ such that K/T → 0, then we have that

P
(
TT (θ̂2; θ̂1) ≤ z

)
= P (TT (θ0) ≤ z) +O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
. (4)

The result in Lemma 2 indicates that we can decompose the original t-statistic, TT (θ̂2; θ̂1),
into an infeasible one, TT (θ0), and other error terms that do not involve the non-parametric
estimation of the optimal weighting matrix. A recent work by Hwang and Valdés (2022a) develops
a finite-sample corrected version of TT (θ̂2; θ̂1) to correct the O(log T/

√
T ) error in (4). Still, it

is challenging to fully account for the estimation uncertainty of the optimal weighting matrix in
TT (θ0). To confront this challenge, we follow a technique developed in Hwang and Sun (2018) and
Hwang and Valdés (2022b) that transforms TT (θ0) into an inference in Gaussian over-identified
location model. To be more specific, let G = U ·Ψ ·V′ be a singular value decomposition (SVD)
of G, where Ψ′ = (A,O) ∈ R, and A is a d× d diagonal matrix and O is a matrix of zeros. Also,
we define the rotated moment conditions and the rotated long run variance

f∗(wt, θ0) : = U′f(wt, θ0) = (f∗′1 (wt, θ0), f∗′2 (wt, θ0))′; (5)

Ω = U′ΣU =

(
Ω11 Ω12

Ω21 Ω22

)
,
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respectively, where f∗1 (wt, θ0) ∈ Rd and f∗2 (wt, θ0) ∈ Rq. The corresponding long run variance
estimator with the transformed moment condition is then naturally defined as

Ω̂ = U′ΣT (θ0)U

=
1

K

K∑
j=1

(
1√
T

T∑
t=1

φj(
t

T
)f∗(wt, θ0)

)(
1√
T

T∑
s=1

φj(
s

T
)f∗(ws, θ)

)′

=

(
Ω̂11 Ω̂12

Ω̂21 Ω̂22

)
.

The following theorem provides a useful expansion that relates the infeasible statistic, TT (θ0), to
the rotated moment conditions in (5).

Lemma 3 The following results hold:

(a) −T−1/2
∑T

t=1

[
G′Σ−1

T (θ0)G
]−1

G′Σ−1
T (θ0)f(wt, θ0) = 1√

T
VA−1

∑T

t=1

[
f∗1 (wt, θ0)− Ω̂12[Ω̂22]−1f∗2 (wt, θ0)

]
;

(b) G′Σ−1
T (θ0)G = A−1VΩ̂11·2A−1V.

Let us define the following rotated moment process,

s1t = f∗1 (wt, θ0) and s2t = f∗2 (wt, θ0) ,

and s̄1T = T−1
∑T

t=1 s1t and s̄2T = T−1
∑T

t=1 s2t. Then, the results in Lemma 3 indicates that

− 1√
T

T∑
t=1

[
G′Σ−1

T (θ0)G
]−1

G′Σ−1
T (θ0)f(wt, θ0) =

1√
T
VA−1

T∑
t=1

(
s1t − Ω̂12[Ω̂22]−1s2t

)
,

and, with d = 1, we have that

TT (θ0) =

√
T
(
s̄1T − Ω̂12[Ω̂22]−1s̄2T

)
√

Ω̂11·2
.

3 Higher-order Expansion of Two-step GMM-statistics

In this section, we follow Hwang and Valdés (2022b) and approach the finite-sample distribution
of TT (θ0) by considering the following over-identified location problem for testing H∗0 : θ

∗
0 = 0 as

below:

s1t = θ∗0 + v1t; (6)

s2t = v2t (7)

for t = 1, . . . , T, where θ∗0 = AV′θ0 and Ω = U′ΣU. In the context of the over-identified location
setting in (6) and (7), the one-step and the two-step GMM estimators are

θ̂
∗
1 = s̄1T ;

θ̂
∗
2 = T−1

∑(
s1t − Ω̂12Ω̂−1

22 s2t

)
= s̄1T − Ω̂12Ω̂−1

22 s̄2T ,
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For simplicity, we assume that d = 1. Under H0 : θ∗0 = 0, the goal is equivalent to provide a
finite-sample probability of the following two-step GMM statistics:

√
T
(
θ̂
∗
2 − θ∗0

)
√

Ω̂11·2
=

√
T
(
s̄1T − Ω̂12[Ω̂22]−1s̄2T

)
√

Ω̂11·2
,

which is equivalent to the infeasible t-statistic TT (θ0) at the original problem.

Assumption 4 (Linear Process) Let vt = (v′1t, v
′
2t)
′ ∈ Rd+q be a zero mean Gaussian linear

process, i.e.,

vt = C(L)εt =

∞∑
j=0

Cjεt−j ,

where εt = (ε1t, ε
′
2t)
′ i.i.d∼ N(0, Iq+1), and Cj’s are (q + 1)× (q + 1) matrix such that E||εt||ν <∞

for some ν ≥ 4,
∑∞

j=0 j
a||Cj || <∞ for a > 3, and Ω = C(1)C(1)′ > 0, where C(1) =

∑∞
j=0Cj .

Lemma 4 Under Assumptions 1—4, we have that

P (T̃T (θ̂2; θ̂1)2 ≤ κ · z) = E[G1

(
Ξ̃−1

)
] +O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
,

where κ = ((K − q)/K)−1/2, Gp (·) indicates the cdf of χ2
p random variable, and Ξ̃(Ω̂) is defined

to be

Ξ̃(Ω̂) = Ξ(Ω̂) ·
(

1 +

(
χ2
q

K

)
·
(

Zq
‖Zq‖

)′
Ω

1/2′
22 Ω̂−1

22 Ω
1/2
22

(
Zq
‖Zq‖

))−1

for Zq ∼ N(0, Iq) which is independent of χ2
q, and

Ξ(Ω̂) =

1 +

(
Ω12Ω−1

22 − Ω̂12Ω̂−1
22

)
Ω22

(
Ω12Ω−1

22 − Ω̂12Ω̂−1
22

)′
Ω11·2

× (Ω11·2

Ω̂11·2

)
.

Define Γu(h) = Evtv
′
t−h, and Γ11,u(h), Γ12,u(h), and Γ22,u(h) are similarly defined. Let

B =

[
B11 B12

B′12 B22

]
:= −π

2

6

[ ∑∞
h=−∞ h

2Γ11,u(h)
∑∞

h=−∞ h
2Γ12,u(h)∑∞

h=−∞ h
2Γ′12,u(h)

∑∞
h=−∞ h

2Γ22,u(h)

]
,

and
B̃ = Ω−1

11·2(B11 − 2Ω12Ω−1
22 B21 +

(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)
vec(B22)).

From the theoretical results in Lemmas 4, the following Lemma leads to the higher order expan-
sion of the over-identified location, which is the main result of this paper as follows.

Lemma 5 Let Assumption 4 hold. Then, under the null hypothesis of H0 : θ = θ0, and, as
K,T →∞ such that K/T → 0, we have that

PH0

(
|T̃T (θ̂2; θ̂1)|2 ≤ z

)
= G1 (z) +

(
K2

T 2

)
B̃G′1(z)z −

( q
K

)
G′1(z)z +

1

K
G
′′
1(z)z2

+O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
.
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Let F1−α
K−q be the (1− α) quantile of FK−q.We want to provide a higher-order expansion of

PH0

(∣∣∣T̃T (θ̂T )
∣∣∣2 > F1−α

K−q

)
.

Using a technical result proven in Hwang and Valdés (2022b), we show that

F1−α
K−q = χ2

1,1−α −
(

1

K

)
G
′′
1(χ2

1,1−α)

G′1(χ2
1,1−α)

(
χ2

1,1−α
)2

+ o

(
1

K

)
. (8)

Using this result, the following theorem provides the high-order expansion of T̃T (θ̂2; θ̂1), together
with the F -critical value, which is the key finding of this paper.

Theorem 6 Let Assumption 4 hold. and F̃1−α = T̃2
1−α/2. Then, under the null hypothesis of

H0 : θ = θ0, and, as K,T →∞ such that K/T → 0, we have that

PH0

(∣∣∣T̃T (θ̂2; θ̂1)
∣∣∣2 > F1−α

K−q

)
= α−

(
K2

T 2

)(
G′1(χ2

1,1−α)χ2
1,1−α

)
B̃+O

(
log T√
T

)
+o

(
K2

T 2

)
+o

(
1

K

)
.

Under the alternative fixed-K critical value, the result in Theorem 6 shows that the use of F
critical value removes the error of order O ((1 + q)/K) embodied in the standard GMM t-test via
the normal (chi-square) critical value. In contrast, the null rejection probability of the standard
GMM t-test using conventional normal critical value, z1−α/2, yields

PH0

(∣∣∣TT (θ̂2; θ̂1)
∣∣∣ > z1−α/2

)
= α−

(
K2

T 2

)(
G′1(χ2

1,1−α)χ2
1,1−α

)
B̃ +O

(
(1 + q)

K

)
+O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
,

which is proved in Hwang and Valdés (2022b). In this sense, our result formally shows the
second-order correctness of the alternative fixed-K asymptotics in two-step GMM framework.

For a general Wald statistic, recall that

F̃T := F̃T (θ̂2; θ̂1) =

(
K − q
K

)
· FT

1 + 1
K JT (θ̂2; θ̂1)

,

where FT (θ̂2; θ̂1) = T (θ̂2− θ0)′[G′T (θ̂1)Σ−1
T (θ̂1)GT (θ̂1)]−1(θ̂2− θ0).In a similar way with the proof

of Lemma 2, we can show that

FT (θ̂2; θ̂1) = FT (θ0) + ψT + ψ∗T ,

where FT (θ0) =
(
G′Σ−1

T (θ0)
√
TfT (θ0)

)′
[G′Σ−1

T (θ0)G]−1
(
G′Σ−1

T (θ0)
√
TfT (θ0)

)
.

Theorem 7 Assume V ∼ N(0, Σ̃2T ). Then, for K ≥ d+q and d = 1, we have that P
(
|F̃T (θ̂2; θ̂1))| ≤ z

)
=

E
[
Gd

(
Ξ̃−1

)]
+O

(
1
T

)
, where

Ξ̃(Λ̂) =
Ξ

1 +
(
χ2q
K

)
·
(

Zq
‖Zq‖

)′
Ω

1/2′
22 Ω̂−1

22 Ω
1/2
22

(
Zq
‖Zq‖

) ,
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and

Ξ = e′µ(Id + Φ)1/2′
(

Ω
1/2
11·2Ω̂−1

11·2Ω
1/2
11·2

)
(Id + Φ)1/2eµ;

Φ = Ω
−1/2
11·2 δ̂Ω22δ̂

′
Ω
−1/2
11·2 ;

δ̂ = Ω12Ω−1
22 − Ω̂12Ω̂−1

22 .

Also, PH0
(∣∣∣F̃T (θ̂2; θ̂1)

∣∣∣ > F̃1−α
)

= α−
(
K2

T 2

)(
G′d(χ

2
d,1−α)χ2

d,1−α

)
B̃+O

(
log T√
T

)
+o
(
K2

T 2

)
+o
(

1
K

)
holds, where

B̃ = tr
(
B11Ω−1

11·2 − 2Ω12Ω−1
22 B21Ω−1

11·2 + (Ω12Ω−1
22 B22Ω−1

22 Ω21)Ω−1
11·2
)
/d.

4 Testing-oriented Smoothing Parameter Selection for GMM

Suppose we are interested in testing the parameter θ0. Using a conventional χα1 critical value,
one can construct a two-sided confidence interval of the form {θ : |F̃T (θ̂2; θ̂1)| ≤ χαp }, and reject
the null hypothesis H0 : Rθ0 = r ∈ Rp if and only if θ /∈ {θ : |F̃T (θ̂2; θ̂1) ≤ χ1−α

p }, where
1 − Gp

(
χ1−α
p

)
= α. Then up to small order terms, o(K−1), its Type-I error, or false rejection

probability, is∣∣∣P (F̃T (θ̂2; θ̂1) > χαp

)
− α

∣∣∣
=

∣∣∣∣G′p(χ1−α
p )χ1−α

p

( q
K

)
−G′p(χ1−α

p )χ1−α
p

(
K2

T 2

)
B̃ −G′′p(χ1−α

p )(χ1−α
p )2

(
1

K

)∣∣∣∣
=

∣∣∣∣(K2

T 2

)
G′p(χ

1−α
p )χ1−α

p B̃ +

(
1

K

)
G
′′
p(χ1−α

p )(χ1−α
p )2 −

( q
K

)
G′p(χ

1−α
p )χ1−α

p

∣∣∣∣
=

∣∣∣∣(K2

T 2

)
G′p(χ

1−α
p )χ1−α

p B̃ +

(
1

K

)(
G
′′
p(χ1−α

p )(χ1−α
p )2 − qG′p(χ1−α

p )χ1−α
p

)∣∣∣∣
≤

(
K2

T 2

)
G′p(χ

1−α
p )χ1−α

p

∣∣∣B̃∣∣∣+

(
1

K

) ∣∣∣G′′p(χ1−α
p )(χ1−α

p )2 − qG′p(χ1−α
p )χ1−α

p

∣∣∣ .
Thus, to control the type-I error, we can choose optimal K∗ to minimize the upper bound, and
this leads us to F.O.C.(

2K∗CPE
T 2

)
G′p(χ

1−α
p )χ1−α

p

∣∣∣B̃∣∣∣− 1

(K∗CPE)2

∣∣∣G′′p(χ1−α
p )(χ1−α

p )2 − qG′p(χ1−α
p )χ1−α

p

∣∣∣ = 0;

and we have that

K∗CPE =



∣∣∣(G′′p(χ1−α

p )χ1−α
p − qG′p(χ1−α

p )
)∣∣∣

2G′p(χ
1−α
p )

∣∣∣B̃∣∣∣
1/3

· T 2/3


=


∣∣∣∣∣∣G

′′
p(χ1−α

p )χ1−α
p

2G′p(χ
1−α
p )

∣∣∣B̃∣∣∣ − q
G′p(χ

1−α
p )

2G′p(χ
1−α
p )

∣∣∣B̃∣∣∣
∣∣∣∣∣∣
1/3

· T 2/3


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where d·e is the ceiling function. Note that

G
′′
p(z)z

2G′p(z)
=

1

2
×
− (z−p+2)

2p/2+1Γ(p/2)
zp/2−2 exp

(
− z

2

)
z

1
2p/2Γ(p/2)

zp/2−1 exp
(
− z

2

)
= −1

4
(z − p+ 2) =

1

4
(p− z − 2).

Therefore, we have that

K∗CPE =


∣∣∣∣∣∣G

′′
p(χ1−α

p )χ1−α
p

2G′p(χ
1−α
p )

∣∣∣B̃∣∣∣ − q
G′p(χ

1−α
p )

2G′p(χ
1−α
p )

∣∣∣B̃∣∣∣
∣∣∣∣∣∣
1/3

· T 2/3


=


∣∣∣∣∣(p− χ1−α

p − 2)− 2q

4B̃

∣∣∣∣∣
1/3

· T 2/3

 .
When q = 0, i.e., the model is exactly identified with Ω12 = 0 and B21 = 0, we have that

B̃ =
1

p
· tr
(
B11Ω−1

11·2 − 2Ω12Ω−1
22 B21Ω−1

11·2 + (Ω12Ω−1
22 B22Ω−1

22 Ω21)Ω−1
11·2
)

=
tr(B11Ω−1

11 )

p
.

Then, the optimal choice for K∗CPE is equal to

∣∣∣(G′′p(χ1−α

p )χ1−α
p

)∣∣∣
2G′p(χ

1−α
p )

∣∣∣B̃∣∣∣
1/3

· T 2/3

 ,
which is exactly the result for CPE-optimized K∗ obtained in Sun (2013) in the context of the
exactly identified GMM. Therefore, our result is a generalization of the optimal K-formula when
we consider an over-identified GMM model. The optimal formula for K∗ establishes a relation
between the value of q and other model parameters such as Ω12, Ω22, and B21 in the over-identified
GMM system.

5 Simulation Results

We follow the simulation design in Hwang and Sun (2017) and Hwang and Valdés (2022a) by
considering the following linear structural model:

yt = α+ x1,tβ1 + x2,tβ2 + x3,tβ3 + εy,t,

where x1,t, x2,t, and x3,t are scalar regressors that are correlated with εy,t. The unknown parameter
vector is θ = (α, β1, β2, β3)′ ∈ Rd with d = 4, and there are m instruments z0,t, z1,t, ..., zm−1,t,
with z0,t ≡ 1. The reduced-form equations for x1,t, x2,t, and x3,t are given by

xj,t = zj,t +

m−1∑
i=d−1

zi,t + εxj ,t for j ∈ {1, 2, 3}. (9)
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We assume that the zi,t for i ≥ 1 follow an AR(1) process, that is, zi,t = ρzi,t−1 +
√

1− ρ2ezi,t
where (e1

zt, ..., e
m−1
zt )′ ∼ N(0, Ve). The diagonal elements of Ve are equal to 1 and the off-diagonal

elements are equal to ψ. The data-generation process (DGP) for εt = (εyt, εx1t, εx2t, εx3t)
′ is

the same as the DGP for (z1,t, ..., zm−1,t)
′ except for the dimensionality difference. Thus the

parameter ψ ∈ [0, 1) serves as a degree of endogeneity between the regressor xj,t and εy,t. By
construction, the vectors, εt and (z1,t, ..., zm−1,t)

′ are independent of each other. We consider the
true parameters to be θ0 = (0, 0, 0, 0)′, ρ ∈ {0.5, 0.7, 0.9}, and ψ = 0.5. We consider the following
null hypothesis of interest,

H0 : β1 = β2 = β3 = 0, (10)

where the number of restricted parameters in R is p = 3 and the nominal significance level α is
5%. With p = 3, we consider q = 5 when T = 200 and q = 7 when T = 200.

Define xt = (1, x1,t, x2,t, x3,t)
′ and zt = (z0,t, z1,t, ..., zm−1,t)

′. Then we have that themmoment
conditions are given by

E[f(vt, θ0)] = E[zt(yt − x′tθ0)] ∈ Rm. (11)

For the basis functions in the OS-HAR estimation, we use the orthonormal Fourier basis functions
introduced in (??). For the choice of K∗ in the OS LRV estimation, we employ the coverage prob-
ability optimal smoothing parameter, K∗CPE. There are two versions of K

∗
CPE in our simulations.

The first one is

K∗SUN =


∣∣∣∣∣(p− χ1−α

p − 2)

4B11

∣∣∣∣∣
1/3

· T 2/3

 , (12)

which is proposed by Sun (2013) under the exact identified GMM. The second choice is a gen-
eralized version of the CPE-optimal K∗ which is proposed in this paper in the presence of over-
identification:

K∗CPE =


∣∣∣∣∣(p− χ1−α

p − 2)− 2q

4B̃

∣∣∣∣∣
1/3

· T 2/3

 . (13)

The last choice of K∗ is the AMSE-optimal formula in Phillips (2005) and Sun (2013):

K∗MSE =

⌈(
tr [(Im2 +Kmm)(Ω∗ ⊗ Ω∗)]

4vec(B∗)′vec(B∗)

)1/5

T 4/5

⌉
. (14)

d·e is the ceiling function, Kmm is them2×m2 commutation matrix, and Ω∗ =
∑∞

j=−∞ j
2Eu∗tu

∗′
t−j

and B∗ = −π2/6
∑∞

j=−∞ j
2Eu∗tu

∗′
t−j with

u∗t = R
(
G′Σ−1G

)−1
G′Σ−1f(vt, θ0).

The unknown parameters, B̃, B∗,Ω∗, and Σ in (12)—(14), can be either calibrated or data driven
using the VAR(1) plug-in approach. Here, we use the data-driven VAR(1) plug-in approach,
following Andrews (1991). The qualitative messages remain the same regardless of how the un-
known parameters are obtained. The number of replications in all of our Monte Carlo simulations
is 10, 000.

Under (10), we study the empirical rejection probability (ERP) of the Wald statistic, F (θ̂2),

and the finite-sample corrected Wald statistic, F adjc (θ̂2), which use chi-square critical values de-
rived from the conventional increasing-smoothing asymptotics. We also investigate performances
of the Wald statistic with the J-statistic modification, F̃ (θ̂2), as in Hwang and Sun (2017) and
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examine its finite-sample corrected version F̃ adjc (θ̂2). Note that both F̃ (θ̂2) and F̃ adjc (θ̂2) use
asymptotic F critical values which are derived under the fixed smoothing asymptotics, and they
are proven to have higher-order accuracy compared to the conventional Wald statistics, F (θ̂2)

and F adjc (θ̂2) that implement the chi-square critical values.
Tables 1 and 2 report the numerical results. In sum, our numerical findings for two-step GMM

are consistent with the theoretical results developed in this paper, which first indicate that the
conventional chi-square tests, F (θ̂2) and F adjc (θ̂2), have the large size distortion, which increases
with both the error dependence and the number of over-identificaitons (instrumental variables).
Second, the asymptotic F tests with the J-statistic modifications, F̃ (θ̂2) and F̃ adjc (θ̂2), eliminates
the size distortion of the conventional Wald test to a great extent. Note that this paper rigorously
proves the finite-sample accuracy of the asymptotic F-test, where the critical value from the F
distribution is second-order correct under the conventional increasing-smoothing asymptotics.
Lastly, Table 2 shows that the testing-oriented (CPE) selection of smoothing parameters with
K∗SUN and K

∗
HV, yields less amount of Type-I error than using the popular AMSE selection rule,

K∗MSE . Also, comparing the performances of the two optimal smoothing parameter rules, K
∗
SUN

and K∗HV, we find that the use of K
∗
HV is more advantageous, because it explicitly takes account

the over-identification.

6 Conclusion

In this paper, we develop a higher-order expansion of test statistic for heteroskedasticity auto-
correlation robust (HAR) inference in an over-identified two-step GMM framework. Our novel
higher-order expansion rigorously shows the asymptotic F and t-tests (Hwang and Sun, 2017;
Hwang and Valdes, 2022a), driven under the alternative fixed-smoothing asymptotics, are second-
order correct under the conventional fixed-smoothing asymptotics.

We also provide an optimal choice of smoothing parameters that directly accounts for the
degree of over-identificaion in HAR inferential problem. Our formula for the optimal smoothing
parameter generalizes the formula in Sun (2013) which works under the exact identified GMM,
as both formulas coincide when there is no over-identification.
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Table 1: Empirical rejection probabilities of two-step GMM tests using OS LRV at nominal level
α = 0.05 with AR(1) coeffi cient ρ ∈ {0.50, 0.70, 0.90}

Asymptotic GMM-χ2
p tests without J-statistic modification

AR(1) coeffi cient ρ = 0.50

T = 100 and q = 5 T = 200 and q = 7
K∗MSE K∗SUN K∗HV K∗MSE K∗SUN K∗HV

F (θ̂2) 0.3738 0.3492 0.3536 0.2673 0.2496 0.2576
F adjc (θ̂2) 0.2779 0.2714 0.2712 0.2008 0.1946 0.1992

AR(1) coeffi cient ρ = 0.70

T = 100 and q = 5 T = 200 and q = 7
K∗MSE K∗SUN K∗HV K∗MSE K∗SUN K∗HV

F (θ̂2) 0.5561 0.5343 0.5325 0.4196 0.4000 0.4024
F adjc (θ̂2) 0.4094 0.4204 0.4117 0.3079 0.2989 0.3054

AR(1) coeffi cient ρ = 0.90

T = 100 and q = 5 T = 200 and q = 7
K∗MSE K∗SUN K∗HV K∗MSE K∗SUN K∗HV

F (θ̂2) 0.8736 0.8400 0.8305 0.7924 0.7379 0.7331
F adjc (θ̂2) 0.5584 0.6946 0.6660 0.5033 0.5711 0.5523

Note: F (θ̂2) and F adjc (θ̂2) report empirical null rejection probabilities for two-step GMM Wald
tests for testing the null hypothesis in (10) with conventional chi-square critical values using

uncorrected. The nominal size α is 5%, and the number of replications is 10,000.

Table 2: Empirical rejection probabilities of two-step GMM tests using OS LRV at nominal level
α = 0.05 with AR(1) coeffi cient ρ ∈ {0.50, 0.70, 0.90}

Asymptotic GMM-F tests with J-statistic modifications
AR(1) coeffi cient ρ = 0.50

T = 100 and q = 5 T = 200 and q = 7
K∗MSE K∗SUN K∗HV K∗MSE K∗SUN K∗HV

F̃ (θ̂2) 0.1442 0.0916 0.0560 0.1072 0.0628 0.0673
F̃ adjc (θ̂2) 0.0930 0.0657 0.0385 0.0753 0.0432 0.0494

AR(1) coeffi cient ρ = 0.70

T = 100 and q = 5 T = 200 and q = 7
K∗MSE K∗SUN K∗HV K∗MSE K∗SUN K∗HV

F̃ (θ̂2) 0.2050 0.1134 0.0697 0.1661 0.0620 0.0794
F̃ adjc (θ̂2) 0.1283 0.0809 0.0462 0.1064 0.0421 0.0537

AR(1) coeffi cient ρ = 0.90

T = 100 and q = 5 T = 200 and q = 7
K∗MSE K∗SUN K∗HV K∗MSE K∗SUN K∗HV

F̃ (θ̂2) 0.3174 0.1989 0.0559 0.2633 0.0931 0.0455
F̃ adjc (θ̂2) 0.1760 0.1403 0.0306 0.1380 0.0601 0.0271

Note: F̃ (θ̂2) and F̃ adjc (θ̂2) indicate those for two-step GMM Wald tests with alternative F
critical values and J-statistic modifications using uncorrected and corrected variance estimates,

respectively. The nominal size α is 5%, and the number of replications is 10,000.
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7 Appendix of Proofs

Proof of Lemma 1—3. The proof is the same as that of Lemma 1—3 of Hwang and Valdés
(2022b), and they are omitted here.
Proof of Lemma 4. The J-statistic modified t-statistic in the over-identification model is

T̃T =

√
T (θ̂

∗
2 − θ∗0)√

Ω̂11·2
(

1 + (
√
T ȳ2)′Ω̂−1

22 (
√
T ȳ2)/K

) .
We define LT and Σ̃2T as below:

LT = (1T ⊗ I2) =

 I2
...
I2

 ∈ R2T×2;

Σ̃2T = V ar((y′1, y
′
2, . . . , y

′
T ))

= V ar(YT ) ∈ R2T×2T .

Without loss of generality, we assume that q = 1, we construct an infeasible GLS of the over-
identified system, i.e.

µ̂GLS =

(
ȳ1,GLS

ȳ2,GLS

)
=

[
(1T ⊗ I2)′

[
Σ̃2T

]−1
(1T ⊗ I2)

]−1 [
(1T ⊗ I2)′

[
Σ̃2T

]−1
YT

]
∈ R2

=

[
L′T

[
Σ̃2T

]−1
LT

]−1 [
L′T

[
Σ̃2T

]−1
YT

]
.

We define a GLS version of the two-step GMM estimator as below:

θ̂T,GLS = ȳ1,GLS − Ω̂12Ω̂−1
22 ȳ2,GLS

=
(

1 −Ω̂12Ω̂−1
22

)( ȳ1,GLS

ȳ2,GLS

)
= Π̂µ̂GLS .

and define the GLS-version of t-statistics:

TT (θ̂T,GLS) =

√
T (θ̂T,GLS − θ0)√

Ω̂11·2
,

and the GLS version of the J-statistic

JT,GLS(θ̂T,GLS) = TgT,GLS(θ̂T,GLS)′Ω̂−1gT,GLS(θ̂T,GLS)

= (
√
T ȳ2,GLS)′Ω̂−1

22 (
√
T ȳ2,GLS),

where

Ω̂ =

(
Ω̂11 Ω̂12

Ω̂21 Ω̂22

)
=

1

T

T∑
t=1

T∑
s=1

QK

(
t

T
,
s

T

)
(yt − ȳ) (ys − ȳ)′ .
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The GLS version of the J-statistic modified t-statistic is

T̃T (θ̂T,GLS) =

√
K − q
K

· TT (θ̂T,GLS)√
1 + JT,GLS(θ̂T,GLS)/K

=

√
T (θ̂T,GMM − θ0)√

Ω̂11·2
(

1 + (
√
T ȳ2,GLS)′Ω̂−1

22 (
√
T ȳ2,GLS)/K

) .
We assume a linear process for ut = (u′1t, u

′
2t)
′ ∈ R1+q, i.e.,

ut = C(L)εt =
∞∑
j=0

Cjεt−j ,

where εt = (ε1t, ε
′
2t)
′ i.i.d∼ N(0, I1+q), and Cj’s are (q + 1)× (q + 1) matrix such that

E||εt||ν <∞ for some ν ≥ 4;
∞∑
j=0

ja||Cj || <∞ for a > 3;

Ω = C(1)C(1)′ > 0,

where C(1) =
∑∞

j=0Cj . Assume V ∼ N(0, Σ̃2T ). Then, for K ≥ d+ q and d = 1, Then, we can
show that

P
(
|TT (θ̂T,GLS)|2 ≤ z2

)
= P

(√T (θ̂T,GLS − θ0)√
Ω̂11·2

)2

≤ z2


= P

(
Θ× (1 + ΦT )×

(
Ω11·2

Ω̂11·2

)
+O

(
1

T

))
= E

[
G1

(
zΞ−1

)]
+O

(
1

T

)
,

where

ΦT =
(Ω12Ω−1

22 − Ω̂12Ω̂−1
22 )ΩT,22(Ω12Ω−1

22 − Ω̂12Ω̂−1
22 )′

ΩT,11·2
;

Ξ =

1 +

(
Ω12Ω−1

22 − Ω̂12Ω̂−1
22

)
Ω22

(
Ω12Ω−1

22 − Ω̂12Ω̂−1
22

)′
Ω11·2

× (Ω11·2

Ω̂11·2

)
,

and Θ is a χ2(1) random variable which is independent of both Ω̂11·2 and ΦT . Now, we want to
expand the probability of T̃T (θ̂T,GLS), i.e.,

P

∣∣∣∣∣
√
K − q
K

T̃T (θ̂T,GLS)

∣∣∣∣∣
2

≤ z2

 = P



√
K − q
K

√
T (θ̂T,GMM − θ0)√

Ω̂11·2
(

1 + (
√
T ȳ2,GLS)′Ω̂−1

22 (
√
T ȳ2,GLS)/K

)


2

≤ z2

 .
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Using
√
T ȳ2,GLS ∼ N(0,ΩT,22), and

√
T ȳ2,GLS and Ω̂22 are independent, we have that

(
√
T ȳ2,GLS)′Ω̂−1

22 (
√
T ȳ2,GLS)

=

∥∥∥√T ȳ2,GLS

∥∥∥2

(( √
T ȳ2,GLS

‖√T ȳ2,GLS‖

)′
Ω̂−1

22

( √
T ȳ2,GLS

‖√T ȳ2,GLS‖

))−1 .

Since
√
T ȳ2,GLS ∼ N(0,ΩT,22),

∥∥∥√T ȳ2,GLS

∥∥∥2
is independent of

√
T ȳ2,GLS/

∥∥∥√T ȳ2,GLS

∥∥∥ , the
direction of

√
T ȳ2,GLS . Hence, the numerator is independent of the denominator. Also, note that∥∥∥√T ȳ2,GLS

∥∥∥2 d
=
∥∥∥Ω

1/2
T,22Zq

∥∥∥2
= Z ′qΩT,22Zq = ||Zq||2

(
Z ′q
||Zq||

ΩT,22
Zq
||Zq||

)
.

Let H be an orthonormal random matrix such that

H ′
(

Z ′q
||Zq||

)
=
(

1 0 · · · 0
)

= e1.

Then, we have that(
Zq
||Zq||

)′
ΩT,22

(
Zq
||Zq||

)
=

(
H ′

Zq
||Zq||

)′
H ′ΩT,22H

(
H ′

Zq
||Zq||

)
= e′1(H ′ΩT,22H)e1,

which leads us to conclude that∥∥∥√T ȳ2,GLS

∥∥∥2 d
= ||Zq||2

(
Z ′q
||Zq||

ΩT,22
Zq
||Zq||

)
d
= χ2

q · e′1(H ′ΩT,22H)e1.

Similarly, we have that √
T ȳ2,GLS∥∥∥√T ȳ2,GLS

∥∥∥
′ Ω̂−1

22

 √
T ȳ2,GLS∥∥∥√T ȳ2,GLS

∥∥∥


d
=

 Ω
1/2
T,22Zq√

‖Zq‖ · e′1(H ′ΩT,22H)e1

′ Ω̂−1
22

 Ω
1/2
T,22Zq√

‖Zq‖ · e′1(H ′ΩT,22H)e1


=

Ω
1/2
T,22Zq

‖Zq‖

′ Ω̂−1
22

e′1(H ′ΩT,22H)e1

Ω
1/2
T,22Zq

‖Zq‖

 .
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Combining this, we have that

(
√
T ȳ2,GLS)′Ω̂−1

22 (
√
T ȳ2,GLS) =

∥∥∥√T ȳ2,GLS

∥∥∥2

(( √
T ȳ2,GLS

‖√T ȳ2,GLS‖

)′
Ω̂−1

22

( √
T ȳ2,GLS

‖√T ȳ2,GLS‖

))−1

=
||Zq||2(e′1(H ′ΩT,22H)e1).((

Ω
1/2
T,22Zq

‖Zq‖

)′
Ω̂−122

e′1(H′ΩT,22H)e1

(
Ω
1/2
T,22Zq

‖Zq‖

))−1

= χ2
q ·
(

Zq
‖Zq‖

)′
Ω

1/2′
T,22Ω̂−1

22 Ω
1/2
T,22

(
Zq
‖Zq‖

)
︸ ︷︷ ︸

:=∆T

.

Thus, we have that

P
(

ΘΞ̃ ≤ z
)

+O

(
1

T

)

: = P

Θ× (1 + ΦT )×
(

Ω11·2

Ω̂11·2

) 1(
1 + (

√
T ȳ2,GLS)′Ω̂−1

22 (
√
T ȳ2,GLS)/K

)
+O

(
1

T

)
= P

(
Θ×

{
(1 + Φ)(

1 + χ2
q ·∆/K

) × (Ω11·2

Ω̂11·2

)}
+O

(
1

T

))
,

where

Ξ̃(Λ̂) =

(1 + Φ(Ω̂11, Ω̂12, Ω̂22)
)
×
(

Ω11·2

Ω̂11·2

)
× 1(

1 + χ2
q ·∆(Ω̂22)/K

)


=


(

1 +
(Ω12Ω−122 −Ω̂12Ω̂−122 )ΩT,22(Ω12Ω−122 −Ω̂12Ω̂−122 )′

ΩT,11·2

)
×
(

Ω11·2
Ω̂11·2

)
1 +

(
χ2q
K

)
·
(

Zq
‖Zq‖

)′
Ω

1/2′
22 Ω̂−1

22 Ω
1/2
22

(
Zq
‖Zq‖

)


=
Ξ

1 +
(
χ2q
K

)
·
(

Zq
‖Zq‖

)′
Ω

1/2′
22 Ω̂−1

22 Ω
1/2
22

(
Zq
‖Zq‖

) ,
Therefore, we conclude that

P
(
|T̃T (θ̂T,GLS)| ≤ z

)
= E

[
G1

(
zΞ̃−1(Λ̂)

)]
+O

(
1

T

)
= E

[
G1

(
zΞ−1(Ω̂11, Ω̂12, Ω̂22) ·

(
1 +

χ2
q

K
∆(Ω̂22)

))]
+O

(
1

T

)
,

which leads to

P (T̃T (θ̂2; θ̂1)2 ≤ κ · z) = E[G1

(
Ξ̃−1

)
] +O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
,
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as desired.
Proof of Lemma 5. We first want to expand the following main term

E

[
zG1

(
Ξ−1 ·

(
1 +

χ2
q

K
·∆
))]

,

where

Ξ = Ξ

([
Ω̂11, Ω̂12, vec(Ω̂22)′

]′)
;

∆(Ω̂22) =

(
Zq
‖Zq‖

)′
Ω

1/2′
22 Ω̂−1

22 Ω
1/2
22

(
Zq
‖Zq‖

)
.

We want to expand the term Ξ−1(1 + χ2
q/K · D) at the true value of Ω:

Ξ−1(Λ̂) ·
(

1 +
χ2
q

K
·∆(Λ̂)

)

≈ Ξ−1(Λ) ·
(

1 +
χ2
q

K
·∆(Λ)

)
+ ∇′

{
Ξ−1(Λ̂)

(
1 +

χ2
q

K
·�(Λ̂)

)}∣∣∣∣∣
Λ̂=Λ

(Λ̂− Λ)

+
1

2
(Λ̂− Λ)′

{
∇2Ξ−1(Λ̂)

(
1 +

χ2
q

K
·�(Λ̂)

)∣∣∣∣∣
Λ̂=Λ

}
(Λ̂− Λ)

After some algebra which are available upon request, we can show that

P
(
|T̃T (θ̂T,GLS)| ≤ z

)
= E

[
zG1

(
Ξ−1 ·

(
1 +

χ2
q

K
·�
))]

+O

(
1

T

)

= E

[
z

((
1 +

χ2
q

K

)
+ L̃+ Q̃

)]
+O

(
1

T

)
,

where

L̃ = ∇′
{

Ξ−1(Λ̂)

(
1 +

χ2
q

K
·�(Λ̂)

)}∣∣∣∣∣
Λ̂=Λ

(Λ̂− Λ)

= L×
(

1 +
χ2
q

K

)
−
χ2
q

K
· 1

‖Zq‖2
(

0 0
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

] )
(Λ̂− Λ)

= L×
(

1 +
χ2
q

K

)
−
χ2
q

K
· 1

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

] (
vec(Ω̂22)− vec(Ω22)

)
︸ ︷︷ ︸

=l1

,

19



and

Q̃ =
1

2
(Λ̂− Λ)′

{
∇2Ξ−1(Λ̂)

(
1 +

χ2
q

K
·�(Λ̂)

)∣∣∣∣∣
Λ̂=Λ

}
(Λ̂− Λ)

=

(
1 +

χ2
q

K

)
Q+

1

2
(Λ̂− Λ)′S2(Λ̂− Λ) +

1

2
(Λ̂− Λ)′S3(Λ̂− Λ)

=

(
1 +

χ2
q

K

)
Q+ 0 +

χ2
q

K
· 1

2

(
vec(Ω̂22)− vec(Ω22)

)′
S3

(
vec(Ω̂22)− vec(Ω22)

)
︸ ︷︷ ︸

=l2

.

We continue the equation

P
(
|T̃T (θ̂T,GLS)| ≤ z

)
= E

[
zG1

(
Ξ−1 ·

(
1 +

χ2
q

K
·�
))]

+O

(
1

T

)
(

K

K − q )

= E

[
G1

(
z

(
1 +

χ2
q

K
+ L̃+ Q̃

))]
+O

(
1

T

)

= EG1 (z) + E

{
G′1(z)z

(
χ2
q

K
+ L̃+ Q̃

)}

+
1

2
E

G′′1(z)

{
z

(
χ2
q

K
+ L̃+ Q̃

)}2
+ small orders

= G1 (z) +G′1(z)z

×E
[
χ2
q

K
+

{
L×

(
1 +

χ2
q

K

)
−
χ2
q

K
· l1

}
+

{(
1 +

χ2
q

K

)
Q+

χ2
q

K
· l2

}]
︸ ︷︷ ︸

:=(A)

+
1

2
G
′′
1(z)z2

×E

(χ2
q

K
+

{
L×

(
1 +

χ2
q

K

)
−
χ2
q

K
· l1

}
+

{(
1 +

χ2
q

K

)
Q+

χ2
q

K
· l2

})2


︸ ︷︷ ︸
:=(B)

+ small order.

We provide an expression for the term (A) as follows:

E

[
χ2
q

K
+

{
L×

(
1 +

χ2
q

K

)
−
χ2
q

K
· l1

}
+

{(
1 +

χ2
q

K

)
Q+

χ2
q

K
· l2

}]

=
E
[
χ2
q

]
K

+ E

[(
1 +

χ2
q

K

)]
E[L]− E

[
χ2
q

K

]
E[l1]

+E

[(
1 +

χ2
q

K

)]
E[Q] + E

[
χ2
q

K

]
E[l2],
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where E[χ2
q ] = q, and

E[l1] =
K2

2T 2
vec(Ω−1

22 )′vec(B22)(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
;

E[l2] =
3q

2K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

Using these results, we have that

E

[
χ2
q

K
+

{
L×

(
1 +

χ2
q

K

)
−
χ2
q

K
· l1

}
+

{(
1 +

χ2
q

K

)
Q+

χ2
q

K
· l2

}]

=
q

K
+
(

1 +
q

K

)
E[L]− q

K

(
K2

2T 2
vec(Ω−1

22 )′vec(B22)(1 + o(1))

)
+
(

1 +
q

K

)
E[Q] +

q

K

3q

2K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
=

q

K
+
(

1 +
q

K

)
(E[L] + E[Q])− q

2K

(
K2

T 2
vec(Ω−1

22 )′vec(B22)− 3q

K

)
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
=

q

K
+
(

1 +
q

K

)
(E[L] + E[Q]) + o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
Note that

E

(χ2
q

K
+ L̃+ Q̃

)2
 = E

(χ2
q

K

)2
+ E

[
L̃2
]

+ E[Q̃2] + 2E

[(
χ2
q

K

)
L̃

]
+ 2E

[(
χ2
q

K

)
Q̃

]
+ 2E

[
L̃Q̃
]

= E

(χ2
q

K

)2
+ E

[
L̃2
]

+ 2E

[(
χ2
q

K

)
L̃

]
+ 2E

[(
χ2
q

K

)
Q̃

]
+small orders

=
q(q + 2)

K2
+

{
E[L2]×

(
1 +

q(q + 2)

K2
+

2q

K

)
+

(
q(q + 2)

K2

)
× E[l21]− 2E [L · l1]×

(
q

K
+
q(q + 2)

K2

)}
+

2q

K
· E
[
L̃
]

+
2q

K
E
[
Q̃
]

+ small orders

=
q(q + 2)

K2
+

{
E[L2]×

(
1 +

q(q + 2)

K2
+

2q

K

)
+

(
q(q + 2)

K2

)
× E[l21]− 2E [L · l1]×

(
q

K
+
q(q + 2)

K2

)}
+

2q

K
·
(
E

[
L×

(
1 +

χ2
q

K

)
−
χ2
q

K
· l1

])
+

2q

K
· E
((

1 +
χ2
q

K

)
Q+

χ2
q

K
· l2

)
+ small orders

We have that

E

(χ2
q

K

)2
 =

1

K2
E
[
(χ2
q)

2
]

=
1

K2
(V ar(χ2

q) +
(
E
[
χ2
q

])2
)

=
1

K2
(2q + q2) =

q(q + 2)

K2
,
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and

E

(1 +
χ2
q

K

)2
 = 1 + E

(χ2
q

K

)2
+ 2E

[
χ2
q

K

]

= 1 +
q(q + 2)

K2
+

2q

K
,

and

E

[(
1 +

χ2
q

K

)
·
(
χ2
q

K

)]
=

q

K
+
q(q + 2)

K2
.

We now want to express the terms E[l21] and 2E [L · l1]. For E[l21], we have that

E[l21] = E

( 1

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

] (
vec(Ω̂22)− vec(Ω22)

))2


= E

[
1

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

] (
vec(Ω̂22)− vec(Ω22)

)
×
(
vec(Ω̂22)− vec(Ω22)

)′ 1

‖Zq‖2
[
Ω
−1/2
22 Zq

]
⊗
[
Ω
−1/2
22 Zq

]]

=
2

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
where the last equation follows by

E

[
1

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]( 1

K
(Ω22 ⊗ Ω22)

)
1

‖Zq‖2
[
Ω
−1/2
22 Zq

]
⊗
[
Ω
−1/2
22 Zq

]]

×(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
=

1

K
E

[
1

‖Zq‖2
[
Z
′
qΩ

1/2
22

]
⊗
[
Z
′
qΩ

1/2
22

] 1

‖Zq‖2
[
Ω
−1/2
22 Zq

]
⊗
[
Ω
−1/2
22 Zq

]]
× (1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)

=
1

K
E

[
1

‖Zq‖4
[
Z
′
qZq

]
⊗
[
Z
′
qΩ

1/2
22 Ω

−1/2
22 Zq

]]
× (1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)

=
1

K
E

[
1

‖Zq‖4
[
‖Zq‖2

]
⊗
[
‖Zq‖2

]]
× (1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
=

1

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

Next, we have that

E[L · l] = E

[(
1

Ω11·2
×
[
1,−2

(
Ω12Ω−1

22

)
,
(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)]
× (Λ− Λ̂)

)
×
(

0 0
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
/ ‖Zq‖2

)
× (Λ− Λ̂)

]
=

1

2Ω11·2
E
[
l̃13 × (vec(Ω̂22)− vec(Ω22))

]
22



where

l̃13 =
(Ω̂11 − Ω11)

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
− 2(Ω̂12 − Ω12)Ω−1

22 Ω21

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
+

(vec(Ω̂22)− vec(Ω22)′

‖Zq‖2
(
Ω−1

22 Ω21 ⊗ Ω−1
22 Ω21

) [
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
,

and we have that

E
[
l̃13 × (vec(Ω̂22)− vec(Ω22))

]
= E[l̃13,1] + E[l̃13,2] + E[l̃13,3],

where

E[l̃13,1] = E

[
(Ω̂11 − Ω11)

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
(vec(Ω̂22)− vec(Ω22))

]

E[l̃13,2] = −E
[

2(Ω̂12 − Ω12)Ω−1
22 Ω21

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
(vec(Ω̂22)− vec(Ω22))

]

E[l̃13,3] = E

[
(vec(Ω̂22)− vec(Ω22)′

‖Zq‖2
(
Ω−1

22 Ω21 ⊗ Ω−1
22 Ω21

) [
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
(vec(Ω̂22)− vec(Ω22))

]
.

We now provide term by term by expressions for l̃13,1, l̃13,2, and l̃13,3. For E[l̃13,1], we have that

E[l̃13,1] = −E
[

(Ω̂11 − Ω11)

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
(vec(Ω̂22)− vec(Ω22))

]

= −trE
[

1

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
(vec(Ω̂22)− vec(Ω22))(Ω̂11 − Ω11)

]

= −E
[

1

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]]
× E

[
(vec(Ω̂22)− vec(Ω22))(Ω̂11 − Ω11)

]
= −E

[
1

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]]
×
(

2

K
(Ω21 ⊗ Ω21)(1 + o(1))

)
+ o

(
K2

T 2

)
+O

(
1

T

)

= − 2

K
E

[
1

‖Zq‖2
(
Z
′
qΩ
−1/2′
22 Ω21

)
⊗
(
Z
′
qΩ
−1/2′
22 Ω21

)]
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)

= − 2

K
E

[
1

‖Zq‖2
(
Z
′
qΩ
−1/2′
22 Ω21

)′
×
(
Z
′
qΩ
−1/2′
22 Ω21

)]
(1 + o(1))

+o

(
K2

T 2

)
+O

(
1

T

)
= −Ω12Ω−1

22 Ω12

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.
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Next, we have that

E[l̃13,2] = −E
[

2(Ω̂12 − Ω12)Ω−1
22 Ω21

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
(vec(Ω̂22)− vec(Ω22))

]

= −trE
[

2Ω−1
22 Ω21

‖Zq‖2
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
(vec(Ω̂22)− vec(Ω22))(Ω̂12 − Ω12)

]

= − 2

K
trE

[(
(Ω22 ⊗ Ω12)

(
Iq2 +Kqq

)) 1

‖Zq‖2
[
Ω
−1/2
22 Zq

]
⊗
[
Ω
−1/2
22 Zq

]
Ω12Ω−1

22

]

×(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
,

and

− 2

K
trE

[
(Ω22 ⊗ Ω12)

1

‖Zq‖2
[
Ω
−1/2
22 Zq

]
⊗
[
Ω
−1/2
22 Zq

]
Ω12Ω−1

22

]

= − 2

K
trE

[
1

‖Zq‖2
(

Ω
1/2
22 Zq ⊗ Ω12Ω

−1/2
22 Zq

)
Ω12Ω−1

22

]
= − 1

K
trΩ21Ω12Ω−1

22 = − 1

K
Ω12Ω−1

22 Ω21.

Thus, we have that

E[l̃13,1] = − 2

K
Ω12Ω−1

22 Ω21(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
For the term l̃13,3, we have that

l̃13,3 = E

[
(vec(Ω̂22)− vec(Ω22)′

‖Zq‖2
(
Ω−1

22 Ω21 ⊗ Ω−1
22 Ω21

) ([
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

])
(vec(Ω̂22)− vec(Ω22))

]

= trE

[
1

‖Zq‖2
(
Ω−1

22 Ω21 ⊗ Ω−1
22 Ω21

) ([
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

])]
×E

[
(vec(Ω̂22)− vec(Ω22))(vec(Ω̂22)− vec(Ω22)′

]
= tr

(
E

[
1

‖Zq‖2
(
Ω−1

22 Ω21 ⊗ Ω−1
22 Ω21

) ([
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

])]
× (Ω22 ⊗ Ω22)

(
Iq2 +Kqq

)
(1 + o(1))

)

+o

(
K2

T 2

)
+O

(
1

T

)
=

1

K
tr

(
E

[
1

‖Zq‖2
(

Ω−1
22 Ω21Z

′
qΩ

1/2
22 ⊗ Ω−1

22 Ω21Z
′
qΩ

1/2
22

)] (
Iq2 +Kqq

))
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

We have that

Etr

[
1

‖Zq‖2
(

Ω−1
22 Ω21Z

′
qΩ

1/2
22 ⊗ Ω−1

22 Ω21Z
′
qΩ

1/2
22

)]

= E

[
1

‖Zq‖2
tr(Ω−1

22 Ω21Z
′
qΩ

1/2
22 )× tr(Ω−1

22 Ω21Z
′
qΩ

1/2
22 )

]
,
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and

tr(Ω−1
22 Ω21Z

′
qΩ

1/2
22 ) = tr(Ω21Z

′
qΩ

1/2
22 Ω−1

22 ) = tr(Ω21Z
′
qΩ
−1/2
22 )

= tr(Z
′
qΩ
−1/2
22 Ω21) = (Z

′
qΩ
−1/2
22 Ω21)′

= Ω12Ω
−1/2
22 Zq,

which leads us to have

E

[
1

‖Zq‖2
tr(Ω−1

22 Ω21Z
′
qΩ

1/2
22 )× tr(Ω−1

22 Ω21Z
′
qΩ

1/2
22 )

]

= E

[
1

‖Zq‖2
(Ω12Ω

−1/2
22 Zq)× (Z

′
qΩ
−1/2
22 Ω21)

]
=

1

2
Ω12Ω−1

22 Ω21,

and

l̃13,3 =
2

K
× 1

2
Ω12Ω−1

22 Ω21(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

=
1

K
Ω12Ω−1

22 Ω21(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.

Combining previous results, we have that

E [L · l1] =
1

2Ω11·2
E
[
l̃13 × (vec(Ω̂22)− vec(Ω22))

]
=

1

2Ω11·2

(
E[l̃13,1] + E[l̃13,2] + E[l̃13,3]

)
=

1

2Ω11·2

((
−Ω12Ω−1

22 Ω12

K

)
+

(
− 2

K
Ω12Ω−1

22 Ω21

)
+

(
1

K
Ω12Ω−1

22 Ω21

))
×(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
=

1

2Ω11·2

−2

K
Ω12Ω−1

22 Ω12(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
= −Ω12Ω−1

22 Ω12

KΩ11·2
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
.
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Using these results, we provide the expression for the term (B) as follows:

E

(χ2
q

K
+

{
L×

(
1 +

χ2
q

K

)
−
χ2
q

K
· l1

}
+

{(
1 +

χ2
q

K

)
Q+

χ2
q

K
· l2

})2


=
q(q + 2)

K2
+

{
E[L2]×

(
1 +

q(q + 2)

K2
+

2q

K

)
+

(
q(q + 2)

K2

)
× E[l21]− 2E [L · l1]×

(
q

K
+
q(q + 2)

K2

)}
+

2q

K
·
(
E

[
L×

(
1 +

χ2
q

K

)
−
χ2
q

K
· l1

])
+

2q

K
· E
((

1 +
χ2
q

K

)
Q+

χ2
q

K
· l2

)
+ small orders

=
q(q + 2)

K2
+ E[L2]×

(
1 +

q(q + 2)

K2
+

2q

K

)
+

(
q(q + 2)

K2

)
× 2

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
−2×

(
−Ω12Ω−1

22 Ω12

KΩ11·2
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

))
×
(
q

K
+
q(q + 2)

K2

)
+

2q

K
·
(

1 +
q

K

)
E[L]− 2q

K
·
( q
K

)
E[l1] +

2q

K

(
1 +

q

K

)
E[Q] +

2q

K

( q
K

)
E[l2]+small orders.

=

(
1 +

2q

K

)
E[L2] +

2q

K
(E[L] + E[Q]) + o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
Finally, we have that

P
(
|T̃T (θ̂T,GLS)| ≤ z

)
= E

[
zG1

(
Ξ−1 ·

(
1 +

χ2
q

K
·�
))]

+O

(
1

T

)
= G1 (z) +G′1(z)z

( q
K

)
+
(

1 +
q

K

)
G′1(z)z ((E[L] + E[Q]))

+
1

2
G
′′
1(z)z2E[L2]×

(
1 +

2q

K

)
+

1

2
G
′′
1(z)z2

(
2q

K
(E[L] + E[Q])

)
+o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
= G1 (z) +G′1(z)z (E[L] + E[Q]) +

1

2
G
′′
1(z)z2E[L2]

+
( q
K

)
G′1(z)z +

( q
K

)
G′1(z)z ((E[L] + E[Q]))

+

(
2q

K

)
1

2
G
′′
1(z)z2E[L2] +

(
2q

K

)
1

2
G
′′
1(z)z2 (E[L] + E[Q])

+o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
where

E[L] =
K2

T 2
B̃ + o

(
K2

T 2

)
+O

(
1

T

)
;

E[Q] = −2q

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
,
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and

E[L2] =
2

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

)
;

E[Q2] = o

(
1

K
+
K2

T 2

)
+O

(
1

T

)
,

and thus

≈ Ξ−1(Λ) ·
(

1 +
χ2
q

K
·∆(Λ)

)
+ ∇′

{
Ξ−1(Λ̂)

(
1 +

χ2
q

K
·�(Λ̂)

)}∣∣∣∣∣
Λ̂=Λ

(Λ̂− Λ)

+
1

2
(Λ̂− Λ)′

{
∇2Ξ−1(Λ̂)

(
1 +

χ2
q

K
·�(Λ̂)

)∣∣∣∣∣
Λ̂=Λ

}
(Λ̂− Λ)

(
Ξ(Λ̂)

)−1
·
(

1 +
χ2
q

K
·�(Λ̂)

)

≈ Ξ−1(Λ) ·
(

1 +
χ2
q

K
·∆(Λ)

)
+ ∇′

{
Ξ−1(Λ̂)

(
1 +

χ2
q

K
·�(Λ̂)

)}∣∣∣∣∣
Λ̂=Λ

(Λ̂− Λ)

+
1

2
(Λ̂− Λ)′

{
∇2Ξ−1(Λ̂)

(
1 +

χ2
q

K
·�(Λ̂)

)∣∣∣∣∣
Λ̂=Λ

}
(Λ̂− Λ),

where

∇′
{

Ξ−1(Λ̂)

(
1 +

χ2
q

K
·∆(Λ̂)

)}∣∣∣∣∣
Λ̂=Λ

(Λ̂− Λ)

=

{
1

Ω11·2
×
[
1,−2

(
Ω12Ω−1

22

)
,
(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)]
×
(

1 +
χ2
q

K

)

−
χ2
q

K
·
(

0 0
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
/ ‖Zq‖2

)}

×

 Ω̂11 − Ω11,

Ω̂21 − Ω21

vec(Ω̂22)− vec(Ω22)


=

(
1 +

χ2
q

K

) 1

Ω11·2
×
[
1,−2

(
Ω12Ω−1

22

)
,
(
Ω12Ω−1

22 ⊗ Ω12Ω−1
22

)]
×

 Ω̂11 − Ω11,

Ω̂21 − Ω21

vec(Ω̂22)− vec(Ω22)


−
χ2
q

K
·
(

0 0
[
Z
′
qΩ
−1/2′
22

]
⊗
[
Z
′
qΩ
−1/2′
22

]
/ ‖Zq‖2

)
×

 Ω̂11 − Ω11,

Ω̂21 − Ω21

vec(Ω̂22)− vec(Ω22)

 .
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Using this results, we have that Thus, we have that

P
(
|T̃T (θ̂T,GLS)| ≤ z

)
= G1 (z) +G′1(z)z

(
K2

T 2
B̃ − 2q

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

))
+

1

2
G
′′
1(z)z2

(
2

K
(1 + o(1)) + o

(
K2

T 2

)
+O

(
1

T

))
+
( q
K

)
G′1(z)z(1 + o(1)) + o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
= G1 (z) +G′1(z)z

K2

T 2
B̃ −G′1(z)z

q

K
(1 + o(1)) +

1

K
G
′′
1(z)z2

+o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
,

which implies the following result

PH0

(∣∣∣TT (θ̂2; θ̂1)
∣∣∣ ≤ z) = G1 (z) +G′1(z)zB̃

(
K2

T 2

)
− 2G′1(z)zq

(
1

K

)
+G

′′
1(z)z2

(
1

K

)
+O

(
log T√
T

)
+ o

(
K2

T 2

)
+ o

(
1

K

)
,

as desired.
Proof of Theorem 6.

Let F̃1−α be the (1− α) quantile of F̃∞ = (K−1)(χ2
1/χ

2
K−q) and χ

2
1 ⊥ χ2

K−q. Note that

F̃∞ = K · χ2
1

χ2
K−q

= F1,K−q ·
(

K

K − q

)
.

Using (8), we have that

F̃1−α − χ2
1,1−α =

(
K

K − q − 1

)
χ2

1,1−α −
(

1

K − q

)
G
′′
1(χ2

1,1−α)

G′1(χ2
1,1−α)

(
χ2

1,1−α
)2

+ o

(
1

K

)
=

(
q

K − q

)
χ2

1,1−α −
(

1

K − q

)
G
′′
1(χ2

1,1−α)

G′1(χ2
1,1−α)

(
χ2

1,1−α
)2

+ o

(
1

K

)
= O

(
1

K

)
,

which implies that

G1

(
F̃1−α

)
= G1

(
χ2

1,1−α
)

+G′1
(
χ2

1,1−α
) (
F̃1−α − χ2

1,1−α

)
+ o

(
1

K

)
= (1− α) +G′1

(
χ2

1,1−α
) (
F̃1−α − χ2

1,1−α

)
+ o

(
1

K

)
;

G′1(F̃1−α) = G′1(χ2
1,1−α) +G

′′
1(χ2

1,1−α)
(
F̃1−α − χ2

1,1−α

)
+ o

(
1

K

)
= G′1(χ2

1,1−α) +O

(
1

K

)
G
′′
1(F̃1−α) = G

′′
1(χ2

1,1−α) +O

(
1

K

)
.
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Also, the result in Lemma 5 implies that

P
(
|T̃T (θ̂2; θ̂1)|2 ≤ F̃1−α

)
= G1

(
F̃1−α

)
+G′1(F̃1−α)F̃1−α

K2

T 2
B̃ −G′1(F̃1−α)F̃1−α

q

K
(1 + o(1))

+
1

K
G
′′
1(F̃1−α)F̃2

1−α + o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
= (1− α) +G′1

(
χ2

1,1−α
)
χ2

1,1−α

((
q

K − q

)
− q

K

)
+
(
G
′′
1(χ2

1,1−α)
)((

χ2
1,1−α

)2)
×
(
−
(

1

K − q

)
+

1

K

)
+
(
G′1(χ2

1,1−α)
) (
χ2

1,1−α
) K2

T 2
B̃

+ o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
.

Note that (
q

K − q

)
− q

K
=

Kq − (K − q)q
(K − q)K

=
q2

(K − q)K = O

(
1

K2

)
= o

(
1

K

)
,

and similarly we have that

−
(

1

K − q

)
+

1

K
=
−K +K − q
K(K − q) = o

(
1

K

)
.

Thus, we have that

P
(
|T̃T (θ̂T,GLS)|2 ≤ F̃1−α

)
= (1− α) +G′1

(
χ2

1,1−α
)
χ2

1,1−α

((
q

K − q

)
− q

K

)
+
(
G
′′
1(χ2

1,1−α)
)((

χ2
1,1−α

)2)
×
(
−
(

1

K − q

)
+

1

K

)
+
(
G′1(χ2

1,1−α)
) (
χ2

1,1−α
) K2

T 2
B̃

+o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
= (1− α) +

(
G′1(χ2

1,1−α)
) (
χ2

1,1−α
) K2

T 2
B̃ + o

(
1

K

)
+ o

(
K2

T 2

)
+O

(
1

T

)
,

which implies

PH0

(∣∣∣T̃T (θ̂2; θ̂1)
∣∣∣2 > F1−α

K−q

)
= α−

(
K2

T 2

)(
G′1(χ2

1,1−α)χ2
1,1−α

)
B̃+O

(
log T√
T

)
+o

(
K2

T 2

)
+o

(
1

K

)
,

as desired.
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