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1 Introduction

Generalized method of moments (GMM) is one of the most widely used statistical methods
for the analysis of economic data and financial data (Hall, 2005). In time-series data, with an
unknown form of dependence, an important initial contribution is made by Newey and West
(1987) to implement the feasible two-step efficient estimation of GMM proposed by Hansen
(1982). The key step for the efficient GMM with over-identification procedure is an estimation of
the optimal weighting matrix, which is referred to as the long-run variance (LRV) of the moment
conditions. Newey and West (1987) and Andrews (1994) propose LRV using the nonparametric
kernel method.

However, it is well known that the two-step GMM procedure shows poor performance in a
finite sample context. See, for example, the special issue in the Journal of Business & Economic
Statistics (Christiano, 1996). Making an accurate inference of the GMM estimator in the time
series setting becomes more challenging due to the considerable estimation uncertainty embodied
in the nonparametric LRV estimator. The standard first-order normal approximation completely
ignores the estimation uncertainty in LRV and does not reflect the finite sample situations prop-
erly. Phillips (2005) proposes a new type of LRV estimators using orthonormal series basis func-
tions. Miiller (2007) and Sun (2011, 2013) develop its more accurate first-order approximation,
so called fixed-smoothing asymptotics, and show its superior finite-sample performances.

In the two-step GMM with over-identification, Sun (2014) and Hwang and Sun (2017) de-
velop fixed-smoothing asymptotics and improve performance relative to the normal approxima-
tion. To be specific, Hwang and Sun (2017) propose a modification to the conventional GMM
Wald test statistics, a function of the original test statistic and the usual J statistic for testing
over-identificaitons. The modification leads to more accurate standard F and t-tests than the
conventional GMM Wald testing with chi-square and normal critical values. A recent work by
Hwang and Valdés (2022a) provide further finite-sample improvement by correcting the bias of
the two-step GMM variance estimator.

The literature, however, show the finite-sample improvements using the fixed-smoothing as-
ymptotics by Monte-Carlo simulations. To the best of our knowledge, there is no work in time-
series GMM that rigorously prove the higher-order accuracy of the fixed-smoothing asymptotics
that achieve more accurate finite sample null rejection in a precise technical sense. In this paper,
we fill the technical gap in the literature and develop a higher-oder expansion of t-statistic of
the two-step GMM. In addition to the higher-order expansion, we provide an optimal choice of
smoothing parameters which directly focuses on heteroskedasticity autocorrelation robust (HAR)
inferential problem in an over-identified GMM setting.

The higher-order properties of GMM estimator has been an active research area in econo-
metrics. Hansen, Heaton, and Yaron (1996) first suggest continuously updating (CU) GMM to
improve finite-sample performance of the two-step GMM. Its generalization to generalized em-
pirical likelihood (GEL) method has been done in Smith (1997), Imbens, Spady, and Johnson
(1998), Kitamura and Stutzer (1997), and Newey and Smith (2004). Importantly, Newey and
Smith (2004) and Anatolyev (2005) prove improved higher-order bias and variance properties of
GEL estimators in i.i.d setting and time-series setting, respectively. Still, the poor finite-sample
performances of GEL remain issues, as pointed by extensive numerical work in Guggenberger
and Hahn (2005) and Guggenberger (2008). Moreover, the results in Newey and Smith (2004)
and Anatolyev (2005) do not lead to key inferential properties of GMM estimators, as they do
not consider a higher-order expansion of finite sample null rejection probability of t-statistic.

In the context of bootstrapping GMM, Hall and Horowitz (1996) first prove the higher-order



property of GMM inference via an Edgeworth expansion of the t-statistic, but they assume a
less general finite dependence structure in time series. Inoue and Shintani (2005) relaxes a fi-
nite dependence structure in Hall and Horowitz (1996), but the proposed moving-block bootstrap
method requires an additional choice of block length in practice. Sun and Phillips (2009) also pro-
vide an Edgeworth expansion in time-series GMM regression, but their approach is not applicable
to the HAR inference with the OS-LRV considered in our paper.

Recently, a new type of inferential methods in time-series, so called HAR inference, develop the
alternative first-order fixed-smoothing asymptotics (Phillips,2005; Miiller, 2007; Sun et al.,2008).
See also Lazarus et al. (2018) for its practical implementation. Sun et al. (2008), Sun (2011, 2013,
2014), and Zhang and Shao (2013) rigorously prove the higher-order accuracy of the alternative
fixed-smoothing asymptotics in HAR inference. All of these papers, however, focus on the one-
step GMM estimator, or exactly identified GMM model.

In this paper, we develop a higher-order expansion of the t-statistic considering the two-
step GMM estimation in HAR inference. Technically, it is more challenging to account for the
estimation uncertainty of the optimal weighting matrix in the two-step GMM framework. To
derive the higher-order expansion, we follow a technique developed in a recent work by Hwang
and Valdes (2022b). The analysis first decomposes the original t-statistic into an infeasible t-
statistic and other error terms that do not involve the non-parametric estimation of the optimal
weighting matrix. We then transform the higher-order approximation of the infeasible t-statistic
into an inference in Gaussian over-identified location model. In the over-identified location model,
we introduce a novel GLS-two-step t-statistic and show its asymptotic equivalence to the infeasible
t-statistic. Using these findings, we are able to expand the finite-sample CDF of the original t-
statistic around CDF of the chi-square distribution with one degree of freedom and characterize
the leading higher-order terms.

Based on the higher-order expansion, we provide an optimal choice of smoothing parameters
for HAR inference which directly focuses on the inferential problem in the over-identified GMM
problem. Our formula generalizes what is previously suggested in Sun (2013) for the exact
identified GMM, as it converges to the formula in Sun (2013) when there is no over-identification.

This paper generalizes a higher-order expansion in HAR inference pioneered in Sun, Phillips,
and Jin (2008) and Sun (2011, 2013) to the over-identified two-step GMM framework. Our
theoretical results show that the fixed-smoothing asymptotics in two-step GMM provides a higher-
order refinement of the conventional GMM t-test using standard normal critical value. Our result
also provides a new formula of optimal smoothing parameter in HAR inference in GMM, which
directly focuses on inferential problems.

The rest of the paper is organized as follows. Section [2] describes a general two-step GMM in
a time-series setting and derives its asymptotic property. Section 7?7 establishes a higher-order
expansion for the test statistics in Gaussian overidentified location model. Section [4] consider
selecting K to minimize the coverage probability error on the basis of this expansion in previous
sections. Section [5] presents Monte Carlo simulation results, and Section [ concludes. Proofs are
presented in the Appendix.

2 Asymptotic F and t tests in Over-identified System

This paper considers the following over-identified GMM model in time-series and HAR inference,
e.g., Sun (2014), Hwang and Sun (2017), and Hwang and Valdés (2020). We want to estimate
a d x 1 vector of parameter § € © using a vector of observation w; € R* at time t. The true



parameter 6y is assumed to be an interior point of @. The moment condition is given as
Ef(w,6) =0iff 9 = 0y,

where f(wy,6) is an m x 1 vector of moment process which is linear in parameter vector 6.
Leading example is a linear IV regression model in time series with f(wy,0) = z(y; — 246), where
wy = (yg, 2}, 20) € Rv+datde consists of the observed data, e.g., Inoue and Shintani (2006) and
Sun and Phillips (2009). With the true parameter § = 6y, the process f(wy,0y) is stationary
with zero mean. We allow f(wy, 0p) to have general autocorrelation of unknown forms and satisfy
> 72 o IEf(we, 00) f(wi—j, 00)'|| < oo and some mixing conditions for the time-series CLT as
follows

1 & d
ﬁ;f(wt,ﬂo) < N(0,Y), (1)

where N (0, Y) is a m-dimensional normal random vector. The m xm matrix ¥ = AA’ is a positive
definite long-run variance (LRV) of the moment process f(wt,0p),i.e. ¥ =322 Ef(wt,00)f(wi—j,00).
Also, we assume that ¢ = m — d > 0, and the full rank of G = G(6y) = [8f(u)t, 00)/89'] Thus,

the model is overidentified with a degree of over-identificaion ¢. Let fr(0) = T—' .1, f(ws, )

and define a one-step GMM estimator as

01 = argmin fr(0)' Wy ' fr(6),
0cO

where Wr is an initial weight matrix. Using this one-step estimator, the feasible efficient two-step
GMM estimator in Hansen(1982) is defined as

> = axgminfr(0) [Sr(00)] " fr(6).
0cO

where
K

Sr(0) = 12( Z@ f (w0 )( i F(ws,0 )),,

7j=1

and {¢; (7’)}JK:1 are orthonormal basis functions on L?[0, 1] satisfying fol ¢; (1) dr = 0. We para-
metrize the number of series terms, K, in such a way that it indicates the level of smoothing
for both types of LRV estimators. By construction, ET(él) is a quadratic heteroskedasticity
autocorrelation robust (HAR) estimator for the LRV Q. It is important to note that Y7(61)
is a “centered” version of the LRV estimator, as it is based on the estimation of the demeaned
moment process f(wy, 91) — fT(él) Under the conventional asymptotic theory, Hall (2000) shows
that the demeaning procedure can potentially improve the power performance of the J-test using
the HAR estimator. Also, this demeaned procedure plays an important role in fixed smoothing
asymptotics as the random matrix limit of ¥7(p) is independent of the limiting distribution of
VT fr(6p) which is a normal distribution.
With d = 1, we define the following GMM ¢t statistic for testing Hg : 0 = 6g:

VT (03 — 6p)

Ty := Tr(02;01) = ,
N A A e




and consider the following modified ¢ and Wald statistics (Hwang and Sun (2017), Hwang and

Valdés (2022a)):
7(62:61) = \/ = Ea,
\/1 KJT 92,91)

where J7(02;01) = TfT(Hg)’E; (1) fr(62) is the standard J statistic for testing the over-identifying
restrictions. Similarly, the Wald test-statistics, Fr and Fp, for the case of multiple testing para-
meters, i.e., d > 2, are defined as

. (K—gq Fr
Fr .—FT(02701)_< K > 1+ %J7(0;61)°

where Fp(fa;01) = T(02 — 00)'[Gl(61) 27 (1) Gr(61)] (02 — o).
For a fixed K as T' — oo, Hwang and Sun (2017) show that

Tr LA Tk 4 and Fr <, FK—d—qg—1

The first contribution of this paper is to develop a higher-order expansion of the finite-sample
probability of the GMM t-statistics

P(Tr(9;01) < 2),

as T — oo such that K/T — 0. The main object is the two-step GMM t-statistic, TT(@Q;él),
that depends on both first-step and two-step estimators with non-linear interactions, espe-
cially through 2}1(91). It is technically challenging to obtain a valid Edgeworth expansion for
TT(ég;é’l). Sun and Phillips (2009) prove the same object with a linear IV-regression setting
with kernel-LRV estimator for ET(él). Sun (2013, 2014) develops the higher-order expansion of
general GMM model, but they are only applicable to the first-step GMM estimator 6,.To con-
front these technical challenges and develop a high order expansion in the over-identified GMM
setting, we begin by the following stochastic approximation in Lemma 1} We first introduce some
high level assumptions.

Assumption 1 6; = 0y + O,(T~/2) and Gr(01) = G + O,(T~Y/?), where the terms of order
O,(T~1/?) does not depend on K.

Assumption 2 As K — oo and T — oo such that K/T — 0, we have that

Y7(6) = X+0, <I;22+\/1E> (2)
Yr(6o) + Tr(6) = T+Y' +0, (IJ{22+\/1E) (3)

where ¥ is positive definite, and

S (S ()20 (5, () )

Jj=1



Assumption [I] is made for convenience, and primitive sufficient conditions are available from
any standard GMM asymptotic theory in time series, e.g. Hall (2005) and Sun (2013, 2014).
One of the key requirements for the first condition is that the initial GMM weight matrix Wr do
not depend on the unknown parameter value 6y and it converges to W with parametric rate of
convergence of order O,(T~1/?). Assumption [2is made for convenience, and sufficient conditions
for and can be referred to HAR literature, as in Phillips (2005) and Sun (2013). They
study the asymptotic results for the OS-LRV estimator assuming large K — oo and T — oo such
that K/T — 0.

Lemma 1 Under Assumptions 7(@, we have that
Tr(02;01) = Tr(0o) + ¥y + ¥,
where

[G'S71(00)G) " G'S71 (00) VT fr(60)

o= - JIE=1 006 ;
Yp = Op<\%>;
= o(n 5 )

and Y does not depend on K.

Assumption 3 We have that P(|ip| > (logT)/VT) = O(1/VT) and P (|¢%| > 67/logT) =
o(d7) for o7 = 1/K + (K/T)2.

Lemma 2 Under Assumptions ﬂ and if K — oo such that K/T — 0, then we have that

P(Eﬂ%ﬁﬁ§z>:PCﬁwwgz%H9C§¥>+n<?z>+o(;>. (4)

The result in Lemma [2| indicates that we can decompose the original t-statistic, TT(ég; 91),
into an infeasible one, 77(fp), and other error terms that do not involve the non-parametric
estimation of the optimal weighting matrix. A recent work by Hwang and Valdés (2022a) develops
a finite-sample corrected version of Tr(fa;61) to correct the O(logT/+v/T) error in . Still, it
is challenging to fully account for the estimation uncertainty of the optimal weighting matrix in
T7(60). To confront this challenge, we follow a technique developed in Hwang and Sun (2018) and
Hwang and Valdés (2022b) that transforms 77(6y) into an inference in Gaussian over-identified
location model. To be more specific, let G =TU - ¥ -V’ be a singular value decomposition (SVD)
of G, where ¥ = (A,0) € R, and A is a d x d diagonal matrix and O is a matrix of zeros. Also,
we define the rotated moment conditions and the rotated long run variance

fr(w,00) = =U'f(wy,00) = (i (we, o), £5' (we, o))" ()

Q1 Q2
0 = USU= ,
( Qo1 Qoo )




respectively, where f;(wy,6g) € R? and f3(wy, 09) € RZ. The corresponding long run variance
estimator with the transformed moment condition is then naturally defined as

N

QO = USp(6)U

1 d S| x ,
= KZ<\fZ¢] wt,90)> <\/T2¢J(T)f (ws,9)>

( 911 912 >
Qo1 Qoo
The following theorem provides a useful expansion that relates the infeasible statistic, 77(), to

the rotated moment conditions in .

Lemma 3 The following results hold
T A ~
(a) —T*1/2Z G'S7H00)G) T G'S 5 (00) f(wy, B0) = JZVA 12 [fl (we, B0) — Q12[Qo2) ™ £ (wy, Bo)
(b) G'S:1(00)G = A 1VQH 2 ATV,

Let us define the following rotated moment process,

st = fi (we,00) and sor = f3 (wy, 0o),

and 57 =T~ 1 Zthl s1; and Sop = T 1 Zthl s9¢. Then, the results in Lemma [3| indicates that

T
_\/1T ; (G271 (60)G] TGS (00) f (wr, B0) = TVA ! Z (Su — Q12[Qa0] SQt)

and, with d = 1, we have that

VT (51T - 5212[@22]_152:0
V Q19 '

3 Higher-order Expansion of Two-step GMM-statistics

Tr(0o) =

In this section, we follow Hwang and Valdés (2022b) and approach the finite-sample distribution
of 77 (6p) by considering the following over-identified location problem for testing Hg: 65 = 0 as
below:

s1¢ = 0 + v1t; (6)
Sor = Ut (7)

fort =1,...,T, where 05 = AV'0y and 2 = U'SU. In the context of the over-identified location
setting in @ and , the one-step and the two-step GMM estimators are

9: = 81T
é; =71 Z (Slt — QmQQ_;SQt)

_ A A—1-
= 517 — 1205, Sor,



For simplicity, we assume that d = 1. Under Hy : 0 = 0, the goal is equivalent to provide a
finite-sample probability of the following two-step GMM statistics:

VT (9; — 96) _ VT <§1T - 912[922]_15%)

\% QHQ V Q11-2 ’

which is equivalent to the infeasible t-statistic 77 (6p) at the original problem.

Assumption 4 (Linear Process) Let v; = (v};,v),)" € R¥9 be a zero mean Gaussian linear
process, i.e.,
o0
€t = Z C]ft_j,
=0
where €; = (€1, €5;)’ HL N(0,1441), and C;’s are (¢ + 1) x (g + 1) matriz such that E||e]]” < oo

for some v >4, 37°2 jl|Cj|| < 00 for a >3, and @ = C(1)C(1)" > 0, where C(1) = 272, Cj.

Lemma 4 Under Assumptions 14 we have that

P(Tr(02:01)° < 5 2) = B[G1 (7)) + 0 (%fg) +o <IT{§> +o (é) :

=) ==(). (1 ' (122) (17y) estoioly <H§H>>

for Zy ~ N(0,1;) which is independent of Xq? and

o B Y
(QlZQ2_21 - Q129221> Q29 (Ql?szl - Q129221) " <911~2)

2(0) =1+ .
( ) Q11~2 911.2

Define I'y(h) = Evv;_,,, and T'11,4(h), T12,4(h), and Ty (h) are similarly defined. Let
B [ Bu Biz } _ . [ Yoo W2 11u(h) 305 ooh2T12u(h) ]
Bly B | 6 [ Xpl oo hThou(h) 3p2 o h*Tazu(h)

and
B = 91_11.2(311 — 291292_21321 + (91292_21 &® 91292_21) UGC(BQQ>).

From the theoretical results in Lemmas [4] the following Lemma leads to the higher order expan-
sion of the over-identified location, which is the main result of this paper as follows.

Lemma 5 Let Assumption [{ hold. Then, under the null hypothesis of Hy : 0 = 6y, and, as
K, T — oo such that K/T — 0, we have that

Py (Tr(Bai b)) < =) = Gl<z>+<§f§)BG'<> (£) G2+ Gi()22

+o(ljzf)+<§f§>+(;>




Let ]—'}{_0(‘] be the (1 — «) quantile of Fx_,.We want to provide a higher-order expansion of

~ ~ 2
PHO (‘TT(QT)‘ > f]l(_oé> .

Using a technical result proven in Hwang and Valdés (2022b), we show that

1 G,ll (X% l—a) 2 1
Flra — 42 o — (> LA (42 o) Fol=). 8
= k) aag, ) ) el ©
Using this result, the following theorem provides the high-order expansion of TT(ég; @1), together

with the F-critical value, which is the key finding of this paper.

Theorem 6 Let Assumptzon hold. and Fi_o = Tl —a/2 Then, under the null hypothesis of
Hy: 0 =0y, and, as K,T — oo such that K/T — 0, we have that

e K? log T K2 |
P, <‘TT(02391)‘ >fll(oé> =a- <T2) (G10F 1—a)Xi e a)B“‘O(jT)"‘O(Tz)""O <K)

Under the alternative fixed-K critical value, the result in Theorem [6] shows that the use of F
critical value removes the error of order O ((1 + ¢)/K) embodied in the standard GMM t-test via
the normal (chi-square) critical value. In contrast, the null rejection probability of the standard
GMM ¢-test using conventional normal critical value, z1_, /9, yields

Py, <‘TT(é2§é1)‘ > Zl—a/?) = a— <I;22> (G4 (X11 a)Xll a)B+O (“;;(J))

0 (V) e (=) o (x)

which is proved in Hwang and Valdés (2022b). In this sense, our result formally shows the
second-order correctness of the alternative fixed-K asymptotics in two-step GMM framework.
For a general Wald statistic, recall that

N Fr
Fr .—FT(02791)_< K > 1+ £J7(02:01)

where Fr(0g;01) = T(02 — 00)'[G4(01) 27" (01)Gr(61)] (B2 — 0p).In a similar way with the proof
of Lemma [2], we can show that

Fr(02;01) = Fr(00) + vp + ¥,

whete Fr(0o) = (G'S1(60)V'T fT(ao))' G571 (00)G) ™ (G'S7 (00T fr(00) )

Theorem 7 AssumeV ~ N(0,397). Then, for K > d+q and d = 1, we have that P <|FT(@2; él))\ < z)

E {Gd (é_l)] +0 (%) , where

(A) =

1+ (X?Q) ' (nan)IQ%Q[Qz;QI/Q (nm)j

9

[1]:




and

(11
I

e, (Ig + o)1/ (91{22911 291422> (Ia + ‘13)1/2‘3#

O = 070008 00 %
5 = Q105 — Q10570

Also, Py, (’FT(ég;él)) > Iﬁ‘l_a> =a— ( ) (G’ (Xd1 a)xdl a) B—i—O(
holds, where

1) o (K5) +o (%)

B= (311911 2 — 22129055 Bo1 Q1 + (12055 Baayy Q1) Q1 2) /d.

4 Testing-oriented Smoothing Parameter Selection for GMM

Suppose we are interested in testing the parameter 6y. Using a CO}lveptignal x{ critical value,
one can construct a two-sided confidence interval of the form {0 : [Fr(62;01)] < x5}, and reject
the null hypothesis Hy : Ry = r € R? if and only if § ¢ {0 : |Fp(fa;6,) < X}l}—a}’ where
1-G)p (Xllfa) = . Then up to small order terms, o(K 1), its Type-I error, or false rejection
probability, is

P (Fr(bi0) > x3) — o

= [epta o (1) - s (2 ) B Goda0d 7 (1)
= [(5) Ghta B+ () Gred0a ™ - () Gy g
= [(52) g B+ (5 ) (G0 0077 - a6 )

([7{22>G/( X;’_Q‘B)+< >’G “0G ) =G 06

IN

Thus, to control the type-I error, we can choose optimal K* to minimize the upper bound, and
this leads us to F.O.C.

—72‘(;;% V0 ) = 4G 06 X ‘—0;

and we have that

*
Képp =

G (x™)xk™ " . G(xp~
261 (xp ™) 2G](xp ™)

10



where [-] is the ceiling function. Note that

7 (z—p+2) 2—2
Gp(z)z B 1 " _Qp/§+1pr(p/2) 2P/ €xp (_%) z
! - ]_ _
2G)(2) 2 g e (-3)
1 1
= —Z(z—p—i—Q):Z(p—z—Q).
Therefore, we have that
(| Ghodn o [\
. G % —« % —« G % —a
KCPE — p/ pl_a p~ —q ; p lfa - . T2/3
26,067 |B] 26,047 | B
r B 1/3

4B

When g = 0, i.e., the model is exactly identified with 210 = 0 and Bo; = 0, we have that

- 1 _ _ B _ B B
B = ]; “tr (3119111-2 - 2912922132191112 + (91292213229221921)9111.2)

tr(Bu Q)
p
Then, the optimal choice for K¢y, is equal to
1/3

(s )\ s

263,06~ | B

9

which is exactly the result for CPE-optimized K* obtained in Sun (2013) in the context of the
exactly identified GMM. Therefore, our result is a generalization of the optimal K-formula when
we consider an over-identified GMM model. The optimal formula for K* establishes a relation

between the value of ¢ and other model parameters such as 19, {299, and Bs; in the over-identified
GMM system.

5 Simulation Results

We follow the simulation design in Hwang and Sun (2017) and Hwang and Valdés (2022a) by
considering the following linear structural model:

Yr = a+ 1,01 + 22,o + 234083 + €y 1,

where z1 ¢, x2 4, and x3; are scalar regressors that are correlated with €, ;. The unknown parameter
vector is 6 = (o, By, By, B3) € R? with d = 4, and there are m instruments 20,65 21,5 vy Zm—1,t
with zp; = 1. The reduced-form equations for x4, x2+, and x3; are given by

m—1

Tjt = Zjt + Z zit + €z, 4 for j € {1,2,3}. (9)
i=d—1

11



We assume that the z;; for ¢ > 1 follow an AR(1) process, that is, z;; = pzit—1 + /1 — pPes+
where (el;, ..., 1) ~ N(0,V.). The diagonal elements of V, are equal to 1 and the off-diagonal
elements are equal to ¢. The data-generation process (DGP) for € = (€yt, €x,t, €ot, €x5t) 18
the same as the DGP for (z14,..., zm—1.) except for the dimensionality difference. Thus the
parameter 1) € [0,1) serves as a degree of endogeneity between the regressor z;; and €,;. By
construction, the vectors, ¢ and (21, ..., zm,l,t)’ are independent of each other. We consider the
true parameters to be 6y = (0,0,0,0)’, p € {0.5,0.7,0.9}, and 1) = 0.5. We consider the following

null hypothesis of interest,
Hy: B, =By=083=0, (10)

where the number of restricted parameters in R is p = 3 and the nominal significance level « is
5%. With p = 3, we consider ¢ = 5 when T' = 200 and ¢ = 7 when T = 200.

Define x¢ = (1, 214+, %24, 3+)" and 2z = (20,4, 21,45 -, Zm—1,t)"- Then we have that the m moment
conditions are given by

E[f(vt,00)] = Elze(yr — x160)] € R™. (11)

For the basis functions in the OS-HAR estimation, we use the orthonormal Fourier basis functions
introduced in (??). For the choice of K* in the OS LRV estimation, we employ the coverage prob-
ability optimal smoothing parameter, K& pp. There are two versions of K¢y in our simulations.

The first one is
1/3

l—«
(p —Xp 2) . T2/3

12
- , (12)

* —
Ksun =

which is proposed by Sun (2013) under the exact identified GMM. The second choice is a gen-
eralized version of the CPE-optimal K* which is proposed in this paper in the presence of over-

identification:
1/3

— Xl —2) -2
P =X )= 20| sl (13)

4B

*
Kepp =

The last choice of K* is the AMSE-optimal formula in Phillips (2005) and Sun (2013):

tr (L2 + Ko (2° @ Q)] \?, 4

Kiisg = N 5. 14
MSE [( 4vec(B*)'vec(B*) (14)
[-] is the ceiling function, Ky, is the m? x m? commutation matrix, and Q* = Do od *Buju;’

and B* = —72/6 PP j2Eufuy’ ; with

ui = R(G'27'G) ™

G'S71f(vr, 09).

The unknown parameters, B, B*,Q* and ¥ in 7, can be either calibrated or data driven
using the VAR(1) plug-in approach. Here, we use the data-driven VAR(1) plug-in approach,
following Andrews (1991). The qualitative messages remain the same regardless of how the un-
known parameters are obtained. The number of replications in all of our Monte Carlo simulations
is 10, 000.

Under , we study the empirical rejection probability (ERP) of the Wald statistic, F’ (92),
and the finite-sample corrected Wald statistic, F¢ 4 (92), which use chi-square critical values de-
rived from the conventional increasing-smoothing asymptotics. We also investigate performances
of the Wald statistic with the J-statistic modification, F'(f3), as in Hwang and Sun (2017) and

12



examine its finite-sample corrected version Fi%(f3). Note that both F(f3) and Fi%(8y) use
asymptotic F' critical values which are derived under the fixed smoothing asymptotics, and they
are proven to have higher-order accuracy compared to the conventional Wald statistics, F (@2)
and F} dj (92) that implement the chi-square critical values.

Tables[I]and [2 report the numerical results. In sum, our numerical findings for two-step GMM
are consistent with the theoretical results developed in this paper, which first indicate that the
conventional chi-square tests, F/(02) and F2%(0y), have the large size distortion, which increases
with both the error dependence and the number of over-identificaitons (instrumental variables).
Second, the asymptotic F tests with the J-statistic modifications, F(f;) and F2Y(6s), eliminates
the size distortion of the conventional Wald test to a great extent. Note that this paper rigorously
proves the finite-sample accuracy of the asymptotic F-test, where the critical value from the F
distribution is second-order correct under the conventional increasing-smoothing asymptotics.
Lastly, Table [2[ shows that the testing-oriented (CPE) selection of smoothing parameters with
Kgyy and Ky, yields less amount of Type-I error than using the popular AMSE selection rule,
K3 sp- Also, comparing the performances of the two optimal smoothing parameter rules, K&y
and K}y, we find that the use of Ky, is more advantageous, because it explicitly takes account
the over-identification.

6 Conclusion

In this paper, we develop a higher-order expansion of test statistic for heteroskedasticity auto-
correlation robust (HAR) inference in an over-identified two-step GMM framework. Our novel
higher-order expansion rigorously shows the asymptotic F and t-tests (Hwang and Sun, 2017;
Hwang and Valdes, 2022a), driven under the alternative fixed-smoothing asymptotics, are second-
order correct under the conventional fixed-smoothing asymptotics.

We also provide an optimal choice of smoothing parameters that directly accounts for the
degree of over-identificaion in HAR inferential problem. Our formula for the optimal smoothing
parameter generalizes the formula in Sun (2013) which works under the exact identified GMM,
as both formulas coincide when there is no over-identification.

13



Table 1: Empirical rejection probabilities of two-step GMM tests using OS LRV at nominal level
a = 0.05 with AR(1) coefficient p € {0.50,0.70,0.90}
Asymptotic GMM—XI% tests without J-statistic modification
AR(1) coefficient p = 0.50
T =100 and g =5 T=200and g =17
. Kuse  Kson  Kpv  Kuse  Ksun  Kuy
F(62) 0.3738 0.3492 0.3536 0.2673 0.2496 0.2576
ngj(ég) 0.2779 0.2714 0.2712 0.2008 0.1946 0.1992
AR(1) coefficient p = 0.70
T=100and g =5 T=200and ¢g=7
. Kuse  Ksun  Kpv  Kyuse  Ksun  Kuy
F(f2) 0.5561 0.5343 0.5325 0.4196 0.4000 0.4024
ngj(ég) 0.4094 0.4204 0.4117 0.3079 0.2989 0.3054
AR(1) coefficient p = 0.90
T =100 and g =5 T=200and ¢ =7
A Kuse  Ksun  Kpv  Kyusg  Ksun  Kuy
F(f3) 0.8736 0.8400 0.8305 0.7924 0.7379 0.7331
Fcadj(@g) 0.5584 0.6946 0.6660 0.5033 0.5711 0.5523
Note: F (92) and Fp dj(ég) report empirical null rejection probabilities for two-step GMM Wald
tests for testing the null hypothesis in (10)) with conventional chi-square critical values using
uncorrected. The nominal size « is 5%, and the number of replications is 10,000.

Table 2: Empirical rejection probabilities of two-step GMM tests using OS LRV at nominal level
a = 0.05 with AR(1) coefficient p € {0.50,0.70,0.90}
Asymptotic GMM-F tests with J-statistic modifications
AR(1) coefficient p = 0.50
T =100 and g =5 T=200and g =17
) Kuse  Kson  Kav  Kyuse  Ksun Kuy
(f2)  0.1442 0.0916 0.0560 0.1072 0.0628 0.0673
ngj(ég) 0.0930 0.06567 0.0385 0.0753 0.0432 0.0494
AR(1) coefficient p = 0.70
T =100 and g =5 T=200and ¢ =7
. Kuse  Ksun  Kpv  Kyuse  Ksun  Kuy
F(f2) 0.2050 0.1134 0.0697 0.1661 0.0620 0.0794
Fcadj(ég) 0.1283 0.0809 0.0462 0.1064 0.0421 0.0537
AR(1) coefficient p = 0.90
T =100 and g =5 T =200and ¢g=7
o Kuse  Ksun  Kpv  Kyusg  Ksun  Kuy
F(f3) 03174 0.1989 0.0559 0.2633 0.0931 0.0455
ngj(ég) 0.1760 0.1403 0.0306 0.1380 0.0601 0.0271
Note: F(63) and F2Y(6,) indicate those for two-step GMM Wald tests with alternative F
critical values and J-statistic modifications using uncorrected and corrected variance estimates,
respectively. The nominal size « is 5%, and the number of replications is 10,000.

14



7 Appendix of Proofs

Proof of Lemma The proof is the same as that of Lemma 1-3 of Hwang and Valdés
(2022b), and they are omitted here. m
Proof of Lemma [4l The J-statistic modified t-statistic in the over-identification model is

Ty VT(8, — 05) |
\/9112 (1 + (\/Tg2)’Q2‘21(ﬁg2)/K>

We define Lt and igT as below:

I
Lr=(r®h)=| : | R
I
i:2T = Var((yi, yéa <o ay’_ll“))
= Var(Yy) € R¥T<2T,
Without loss of generality, we assume that ¢ = 1, we construct an infeasible GLS of the over-
identified system, i.e.
-1

bars = < bLaLs > = [(1T ® Ip)' [EQT}_l (1r ® 12)}

~ -1
~ |:(1T & 12)/ |:22Ti| YT:| € R?
Y2,GLS

LS -1 - LS -1
= |1} [EQT} Lr| L [EQT} Yr|.
We define a GLS version of the two-step GMM estimator as below:

R ) o
O7.ars = 1,615 — 128055 Y2.GLs

— (1 —-0.,0-1 yZLGLs >

( 127722 ) ( Y2,GLS
= jgrs-

and define the GLS-version of ¢-statistics:

VT (07,crs — 0o)

Tr(07.cLs) = = ,
V Q12

and the GLS version of the J-statistic

Irars(Orars) = TorcrsOrars)Q rgrans(Orars)
= (VTO2.6198) Q59 (VTH2.615),

where



The GLS version of the J-statistic modified t-statistic is

- /K «9
TT(HT,GLS) _ q TGLS)

\/1 +Jrcrs(0rars)/ K
VT (O7.crn — 00)

\/911.2 (1 + (\/TgQ,GLS)/9521(ﬁ?JZ,GLS)/K) |

. / .
We assume a linear process for u; = (u},, u,) € R ie.,
o
L € — E Cjﬁt—j,
=0

where €; = (€11, €h;)’ A N(0,I14q), and Cj’s are (¢ + 1) x (g + 1) matrix such that

Elle]]” < oo for some v > 4;

> MG < oo for a > 3;
=0
Q=cc) >o,

where C(1) = >°22 C;. Assume V ~ N(0, Yor). Then, for K > d + g and d = 1, Then, we can
show that

< 22

7 2
) VT(0 .y
P<|TT(9T,GL5)!2§z2> _p ( (\I}gi 0)
11-2

= P ((—) x (14 @) X (giz) +0 G))

= E[Gi(z:E )] +0 (;) :

where

dp = (1295 — Q12055 ) Q1,22 (Q2 Q55 — Q12055')'
Qr112 ’
1 A A1 16 6-1)
(912922 — Q12825 ) Qa2 <912Q22 = Q1205 ) 911.2>
X | = >
M2 (

(1]

Q1.2

and © is a x?(1) random variable which is independent of both (119 and ®7. Now, we want to
expand the probability of Tr(f0r,¢rs), i.e

2
‘\/?’ET@T,GLS) < 2 \/7\/ VTG gr o) <z’

Q112 1+ (VTi.ans) Qg (f?ﬁGLS)/K)
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Using \/TQQ’GLS ~ N(0,Q722), and \/ngg,GLg and (9 are independent, we have that

(VT92.615) Qs (VTG2.618)
2
H\/T@b,GLSH

-1
VT§2.aLs ' Qfl VTy2.cLs
”\/TﬂQ,GLsH 22 H\/TQQ.GLSH

Since VT2.crs ~ N(0,Q722), ‘\/T?jZGLS’ VT cLs

direction of v/T ¥2,a1s- Hence, the numerator is independent of the denominator. Also, note that

2
is independent of /T U2.cLS/ , the

_ 2d |02 |12 Zq 2
|VTwacrs| L |05z = Zi0r2z, = 12,11 (||Zq|yQT’22||ZqH .
q q

Let H be an orthonormal random matrix such that

Z/
H’< q): 10 -~ 0)=ey.
1Z0) = )
Then, we have that

Z, )’ Z C Zo \ ., . Z
e QT,zz( q) = <H ) HQraH | H 1
(HZqH 14| 124l 1 Z4]

= e{(H' QrgeH)e,

which leads us to conclude that

2 7! A
\/TgQGLSH 2z 2< _Qp gyt )
e 12 1z 1201z,

i Xg . 6/1 (H/QT,QQH)el.

Similarly, we have that

/!

\/T.%,GLS O-1 \/Tﬂz,GLs
VL Y2,GLS el [ L
H\/ng,GLSH Hﬁﬂz,aLsH

1/2 ! 1/2
d Q729724 A1 Q739724

Q
VIZl- e (H QrasH)er | %\ \/11Z]l - 4 (H Q20 H)er

!/

1/2 . 1/2
_ Q72924 Qs Q72924
1Zqll | ei(H'QraeH)er \ [ Z4]
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Combining this, we have that
~ 2
H vT Y2,GLS H

-1
VT9.6Ls /Qfl VTy2.cLs
H\Fy2GLsH 22 Hf@bGLSH

HZ H (e (H'Qr22H)er).
=)
;/;2 o (i,
1Z4]l H’QT22H) 1Z4]l
2 a_1a1/2 [ Z
X <|r qu) ones (17
q

Z:AT

(VT92.615) Qs VTHa.crs) =

Thus, we have that

P(@égz)+0(;>

=P (6 x (14 &r) x (&12) ((1 + (\/TZ/ZGLS)'lezl(\/T?J?GLS)/K)) e <;>)
oo {ti e @)} o ()

where

5A) = {<1+¢(Qll,fllg,f222))x (9“'2> y ( L }

M2 1+x2- A(QQQ)/K)

1+ (9129521*91292721)QT,22(912Q2721*912Q;21)/ % Q11.9
Qr11.2 Q110

1+ (%) (H?H) 0370000 (177)

1+ (ng) ‘ (H ‘) Q57 Q5 237 (||§Z||)7

Therefore, we conclude that

P <|']~TT(9T,GLS)| < Z) = FE [G1 ( c (A))} +0 (711)

2
LA A X2
G (Z: Y1, g, Qa2) - <1 + I;A(Qm)))
which leads to

P(Tr(2;01)? < k- 2) = E[Gy (é‘l)] +0 (k\)%T) +o0 <ij22> +o0 (é) ,
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as desired. m
Proof of Lemma We first want to expand the following main term

)
where
—_ —_ A A A ! !
E = E ([9117912,060(922) } ) ;
A Q _ 1/2/A_191/2 q
@ = () 0 Z]
We want to expand the term 271(1+ x2/K - D) at the true value of Q:

5 .20)
— X S Xo o ;
R N B (B 2 | e

After some algebra which are available upon request, we can show that

2
ZG1<E (14—[5%))

P("]NTT(éT,GLSH < Z> =

(3

where

-3 T [Zi0m") © (7,007 (vectO) — vectm),

=l
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and

We continue the equation

P<|TT(éT,GLS)|§Z) = E

A
O
N
VY
=<
+
N
+
LR
N~
—
%
+
wn
=
=
o
=
(oW
@)
=
95}

2 2 2 2 2 2
Xq Xq | _ Xq Xq Xq |
xE[<K+{Lx<1+K> % ll}—i-{(l—i-K)Q—i-K l2}>]+smallor(

/

We provide an expression for the term (A) as follows:
2 2 2 2 2
Xq Xq Xq Xq Xq
24 L 14249 - 29, 1424 24,
2 2 2
B [xq] (1 X )
K

= Y. F Xq
2
Xq
1424

E

- E[L] - B | 32| Ell]

2
+E Xq
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where E[Xg] =g, and

E[l] = 2[;221)60(@221)'1160(322)(1 +0(1) +o (ﬁ) +0 <;> ;
Ell] = 2‘3’7(1((1 +o(1)+o (;f) +0 (;) .

Using these results, we have that

X X7\ Xg X X
o8] 4} {f 8o
2
= L+ (1+%) Bl -+ (2[;21160(92_21)'1160(322)(1 + 0(1))>

+(1

%) E[Q] + %;—f{(l +o(1))+o (?22) +0 (;)
L+

_ % % (E[L] + E[Q]) — % ([gvec(ﬂg;)'uecwm) - i’?) (1+0(1))+o0 (éfj) +0 <;>
— %+ 1+%) (E[L]+E[Q])+0<;{> +0<IT{§> +O(;>

Note that

Xs :
E[<I§+L+Q>

—E +2E Q

2
+ B [I?] + E[Q? + 2B <X‘1> i
AR X2\ ~
(3] 2] oo |3
+small orders

_dat2), {E[Lz] x (1 + Q(‘JKE 2 4 i?) + (q%{t 2)> x Bli?] 2B [L-1,] x <Iq{ + Q(‘i;; 2)>}

g

12 [i@}

=

+E[E2} 4 2F Y 2F

2 ~ 2 ~
+?q . E [L} + ?qE [Q] + small orders

q(q+2) 2 qq+2)  2q q(q+2) 2 q  qlqg+2)
=0 +{E[L]>< I+ =+ 2 )+ T x E[I?] = 2E[L - 1] x e
2q X2\ X 2q X X2
—|—K (E L x <1+ K) % b | + % E 1+ 0 Q + % lo | 4+ small orders

We have that
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and

2\ 2\ X2
Xq _ Xq Xq
E <1+ > 1+ FE ( ) +2F
qlg+2) 2
p— 1 —_—
TR K’

and

E

xa\ (xa\| ¢, al@+2)
(3) (9] 195

We now want to express the terms E[l3] and 2F [L - I1]. For E[I3], we have that

2
E[l%] - E <”le [Z Q2_21/2’} [2;9;21/2/] (vec(Qgg) —vec(922)>> :|

— E HZIHQ [Z;Q2_21/2,:| ® [Z;Q2_21/2'] (vec(Q22) — uec(ng))
| 144

X ('UEC(QQQ) - UBC(QQ2))/HZ1H2 [QQ_;/QZ(]] ® [92_21/2&4

_ %(1+o(1>>+ <§j>+0<;>

where the last equation follows by

1 [Z 92_21/2/] [Z;QQ—;/W} <[1((QQ2 ®Q22)> 1 {92—21/2%} - [92_21/2&4

[1Z|I 12,17
K? 1
x(1+o(1))+0<T2>+O<T>
1 [ 1 g, 1/2 ra12] 1 —1/2 ~1/2 K? 1
= —=F HZH?_ZQQQZ]MZCIQ?Q}”Z'Q[QQQ 2| @ 002, )| x 1 +o() +0( 75 ) +0( 7
LI1=4g q
N I T K? 1
= x| Zqz] [Z 0l20; 1/22] ><(1+o(1))+o(T2)+o<T>
LI1=4g )
[ N S T ) K? 1
= %8 | 120 @ 1208 < 0 o) +o (7 ) +0 (7)

_ I1<(1+0(1))+0<I;22> +0<;>.

Next, we have that

BlL-U = F [(le [1, =2 (12955 ) » (2955 ® D12055)] x (A - A))
(00 2,9, ® 2,9, /12,7 ) x (A~ 1)
- 29:21~2E [l13 X (vec(Qgg) - vec(Qgg))]
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= (1 — Q1) [ 12 som1j2] 2(Q2 — Q12) Q5 Qo1 [ —1/2 ’ 120
. 12,12 [Za2"] o 2,927 12, [z o 200"
(vec(Qgg) —vec(Qaz)’

A (23021 @ 03 0m) (2,95, | @ [ 2,05,
q

and we have that

FE [Zlg X (vec(Qgg) — Uec(Qgg))} = E[l~1371] + E[ilgg] + E[Z1373],

where
Elis)] = (QHZ_”Q) 202" @ | 2,957 (vee(2z2) - vec<922>>]
Ell32] = —E 2 _||g;1|2’)29221921 {ZZIQ;;/QI} ® {2;9521/2/} (vee(Qa2) — vec(Qg))
q
Elliss] = (vec(QmH)Z—Hz;ec(Qm)' (21 ® Q1 1) [Z;Q;;/W} ® {Z;Q;;/Q'} (vee(a) — vee(2))
q

We now provide term by term by expressions for l~1371, l~13,2, and l~1373. For E[l~13,1], we have that

B (911—911){ F =1/

Elhs] = 12 Z,y, } ® [2;92_21/2'} (vee(Qaz) — vee(Qaz))
q

= _uE 2,05, 2’} ® [Z;Q;;/ 2’] (vec(Qaz) — vee(S)) (1 — Q1)

|
1Z4]1*

Bl 12,057 @ | 2,957

% B [(vee(§232) — vee(922)) (€1 — Q)]

12,17
1 F—1/2 r 1/ 2 K? 1
= —F|——=|Z,Q ® | Z, 9 X ((921®le)(1+0(1))) +o0 < +0 (=
HZqH2 [ a } [ a } K T2 T
2 1 ' 1/ r 1) K? 1
= _E W (ZqQQQ le) X (ZqQ22 Q21> (1 +O(1)) +o0 <T2 + 0 T
2 1 r =1/ ! 1 ~—1/21
= —? HZq||2<ZqQ22 le) X <Zq922 921) (1—|—0<1))
K? 1
_91292_21912

7 (1+o(1>)+o<§f§>+o<;>.
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Next, we have that

2o — Q12) s Vo1 [ —1/21
2,0

Ellss) = - 7 2] © [2953"] (wee(©a2) — vee($222)
q

2057 Qo1 [ o ) A
HZZ?iH;l [Zq%;/”} ® [ZqQ221/2/] (vec(Qdaz) — vee(Q22)) (12 — le)]
q
1

((Q22 ® Qua) (12 + Kyq)) 1z

2
= —?trE

x(140(1)) + <IT(§> +0 (;)

1 _ _ _
(Q22 ® Q12) —— 1z [Q 1/224 ® [9221/22q] Q129221]
q

(QWZ ® Q105,27 )91292—21

{9521/2Zq] ® [922/ ] Q12922]

and

2
—?trE

b

1241
1 1 1 1

= —Etr921912922 = —EQQQE Qo1.

= ——=tk

Thus, we have that
7 2 1 K? 1
Ellizq] = — 722, Qo1(1+0(1)) + o0 <T2 > +0 <T>

For the term l~13,3, we have that

(vec(QQQ) —vec(Qaz)’
1Z|1?

lizg =

(939 © 05 0m) ([2,97] @ [2,9557%] ) (vee(Qa) - vee(@22))

= trF

(255 Q01 ® 9521921) (|:Z;9521/2I} 2 [2;92—21/2/})

1
124
xE [(vec(flgg) — vec(Qa)) (vec(Qa) — 060(922),}

1

= tr(E
11241
K? 1
+o(7z)+o (1)
= ;{H(E L

1Z4]>
We have that

(922 Q21 ® 922 921) ([2;92—21/2/} ® [2;92—21/2/})

X (Qa22 ® Q22) (qu + qu) (1+ 0(1)))

(Q Qo1 Zy 5 © 0y 1 Z 91/2)

(T2 + KQQ)> (1+0(1))+o (?j) +0 <;> :

1
5 (95 022,05 @ 03 o 2,057

Etr | ——
124

Y

= F [H21||2t1“(9 leZ Q 1/2 ) X tI‘(Q leZ 91/2)
q
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and

M Q0 Q1 2,007 = tr(Qa1 20055 050) = tr(Qa1 2,055
22
= (2,0, 0n) = (200, 0n)’
= 91292_21/2 PR

which leads us to have

and

= 1 K? 1
l13,3 = — X 591292_21921(1 —+ 0(1)) 4+ o0 < ) + 0 <> .

IIlel r(Q55 Qo1 ZyQ307) X tr(Q 01 Z 91/2)]
q

1

r =12
2 P (912922/ Zq) X (quzz/ Q1)

1 _
= 59129221921,

2

K T2 T

1 B K? 1
= EQqungm(l +o(1)) +o <T2 > +0 <T> )

Combining previous results, we have that

E[L-1]

1 ~ ~
E |l Qo9 — 0
2911.2 [ 13 X (vec( 22) ’U@C( 22))}
1 . - .
O (E[lm,l] + Ellse] + E[113,3]>

1 91292_21912 2 _1 1 .
- 2010510 — 0120500
2Q11.2 (( K + e s + 7¢ 2ty o
K? 1
><(1+0(1))+0<T2>+0<T>

1 K? 1
20112 K QHQ (212( o) +o <2> o <T>
_|_

Q12055 Q12 <K2>
S22 02 (0 4 o(1)) 4o |
O (1+0(1))
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Using these results, we provide the expression for the term (B) as follows:

(3o o8) F)e o )o-0))

- 102 i (14 0D 20 <q(q+2)> < Bl - 25 (e -u] x 4+ 1052 |

E

K2 K2 K K2 K K2
2q x3 xZ 2q 2 Xq
. Ag ) Ag i Aq 1
+ E|L x (1 + ) b |+ E Q+ -lo | + small orders
q(q+2) 2 qq+2)  2q
= 5— T E[L7] x |1+ s+ —

+<q(‘§;2)> x é(1+o(1>)+o(§j) +o<;
2% (—91;{%2_12212(1 +o(1)) +o (I;z) +0 <T>
28 (1 )5 (@ 2 )
_ <1 + 2;) Bl + 27? (E[L] + EQ]) + 0 <]1(> +o <2> +0 ;)

Finally, we have that

P(Trlras) <z) = E

= Gi1(2) +Gi(2)z(E [
+(£) i)z + (£) Gi)e ((E[L]+E[Q]))
+(§g> SG(2)2E[LY + (ig) SGi(2)2* (E[L] + E[Q))

wolze) vo(72) o )

where
E[L] = §B+o<§j> +0 <;> :
EQl = 221 40(1) +o <§f§> +0 <;,) ,
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and

and thus

2
[I%
=
VR
—
+
=<
b
Z
_|_
<4
——
[I}
§>
VR
=
+
=&
HV
\;_>/>
~
H/—/

2
[I%
=
VR
[am—
+
; =&
b
Z
—

A=A

1 ) i ) .
- {le x [1, -2 (212955) » (2129255 ® 12055 )] X (1 + K‘{)

_Xj. ( 0 0 [Z;QQ_;/Q/} ® [2;92—21/2'] /12| )}

K

Qo1 — Qo1

Qll — ]
vec(Qg2) — vee(Qas)

2 . Qu — Oy,
= (1422 X [1,-2 (Q120%5) , (295 ® Q12055)] X {1 — O
K Q1.2

vec(Qgg) — vec(a2)

X r~—1/21 r~—1/21 2 Qll S,
-~ ( 00 [Zqu } ® [ZqQQZ ] / 1Z4]l ) X Q91 = Qo :
vec(§lag) — vec(Qa2)
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Using this results, we have that Thus, we have that
P(r(brars) <2) = Gi(2)+Gi(2) <sz22§ =201+ (1)) 40 (g) L0 <z{)>
—i—%G,{(z)zQ <;(1 +o(1)) 4 0 <ij§> +0 (;))
(L) 610201+ 0(1)) +0 (;) +o (?j) +0 G)

2 ~ "
= 1)+ (g B G2 L (14 0(1) + 0 ()2

o) o) o (7).

which implies the following result

Puy ([Ta@stn| <2) = 6100+ G1a1:8 (57 ) ~26 @020 (1) + 61002 (1)
as desired. m

co(l8Ty (B L, (L
T o| 73 ol %)
Proof of Theorem [6l

Let Fi_q be the (1 — a) quantile of Fo = (K_l)(xf/xg{_q) and x? L X%{—q‘ Note that

i 2 K
Foo = K - 5t Zfl,K—q()

K —q

) K 1\ Gildia) 2 1
2 2 < i
]Fl—oc _ Xl,lfa = K p — 1) Xl,lfa - <K — q) Gll(X%’lfa) (Xl,lfa) “+ o0 (K)

1" 2
q 2 1 ) Gi(XT1-a) , o 2 < 1>
= —a —_ —a + 0 _
( - Q> X1 (K —q) Gi(3 1) (i) K
O

which implies that

61 (Fiea) = G1(81-0) + G (81 ) (Froa —¥laa) +o (;{)
= 1-a)+G (Xi1a) (If“l—a — x?,l_a) +o <I‘E> ;
GiFira) = Giia) + G0 (Fioa — ) +o ()
~ Gibdia)+0(5)
Gi(Fia) = G012 +0 ().
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Also, the result in Lemma [5] implies that

S A ag . S om KPe o o o g
P <|TT(92;91)| < Flfa) =G (Fka) +G1(F17Q)FlfaﬁB - Gl(Flfa)Flfa?(l +0(1))

+ %G;’(Fl_a)xﬁ%ﬂ +0 G() +0 (I;;) +0 G)
=(1-a)+G1 (x1-a) X1-a <<Kq_ q) - ;q(> +(610¢ 1) (o))

(- (55) + ) + G0 (o) o

o) +o8) o (2)

Note that

Thus, we have that

P (|TT(9T,GLS)|2 < Fka) = 1-a)+G (3 1-0) i <(Kq— q) _ ;{) + (GI{(X%J—Q)> ((X%,l—a)2)
(- () + )+ @) (i) BB
+o <[1(> +o <ij§) +0 (;)
2 K? 1

= -0+ (G0 (i) BB o (1) +o (B ) +0(5).

which implies

S a2 a K? - log T K? 1
P, (’TT(92591)‘ > j:}(—q) - o <TQ> (G1(XF 1—a)Xi1—a) B+O ( \/gf >+0 <Tg> +o <K> ;

as desired. m
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